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Lipschitz-free spaces

Let (M, d) be a complete metric space.
Fix a point 0 € M.

Given f : M — R, its Lipschitz constant is

_ fo) —fy)
£ _Sup{d(x,y) ~X7’é}’€M}
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Lipschitz-free spaces

Let (M, d) be a complete metric space.
Fix a point 0 € M.

Given f : M — R, its Lipschitz constant is

_ fo) —fy)
£ _Sup{d(x,y) ~X7’é}’€M}

The Lipschitz space (Lip,(M), ||-||;) is a Banach space.

Lipg(M) = {f: M = R : [[f]|, < o0, f(0) = 0}

Ramon J. Aliaga (

Lipschitz-free spaces and purely 1-unrectifiable metric spaces



Lipschitz-free spaces

Let (M, d) be a complete metric space.
Fix a point 0 € M.

Given f : M — R, its Lipschitz constant is

_ fo) —fy)
£ _Sup{d(x,y) ~X7’é}’€M}

The Lipschitz space (Lip,(M), ||-||;) is a Banach space.
Lipg(M) = {f: M = R : [[f]|, < o0, f(0) = 0}

Lipy(M)* contains the evaluation functionals d(x) : f — f(x), x € M.
The mapping ¢ : M — Lip,(M)* is an isometry.
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Lipschitz-free spaces

Let (M, d) be a complete metric space.
Fix a point 0 € M.

Given f : M — R, its Lipschitz constant is

I, = sup {f(x) —f&)

d(x,y)

The Lipschitz space (Lip,(M), ||-||;) is a Banach space.

:x;«éyeM}

Lipg(M) = {f: M = R : [[f]|, < o0, f(0) = 0}

Lipy(M)* contains the evaluation functionals d(x) : f — f(x), x € M.
The mapping ¢ : M — Lip,(M)* is an isometry.

The Lipschitz-free space over M is J

F (M) = span 6(M) C Lipy(M)*
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Characterization

F(M) is a canonical linearization of M:
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Characterization

F(M) is a canonical linearization of M:

@ It contains an isometric copy §(M) of M that is linearly dense and linearly
independent.
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Characterization

F(M) is a canonical linearization of M:

@ It contains an isometric copy §(M) of M that is linearly dense and linearly
independent.

@ Given a Banach space X and Lipschitz f : M — X with f(0) = 0, there is a
linear operator F : (M) — X that extends f (and ||F|| = ||f]|,).

M——X

That is: Lipy(M,X) = L(F(M),X).
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Characterization

F(M) is a canonical linearization of M:

@ It contains an isometric copy §(M) of M that is linearly dense and linearly
independent.

@ Given a Banach space X and Lipschitz f : M — X with f(0) = 0, there is a
linear operator F : (M) — X that extends f (and ||F|| = ||f]|,).

M——X

That is: Lipy(M,X) = L(F(M),X).

These two properties characterize F(M).
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Characterization

F(M) is a canonical linearization of M:

@ It contains an isometric copy §(M) of M that is linearly dense and linearly
independent.

@ Given a Banach space X and Lipschitz f : M — X with f(0) = 0, there is a
linear operator F : (M) — X that extends f (and ||F|| = ||f]|,).

M——X

That is: Lipy(M,X) = L(F(M),X).

These two properties characterize F(M).
In particular, taking X = R:

Lipo(M) = F(M)" ]
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“Universal” extension property

More generally:

Theorem (Godefroy, Kalton 2003)

Let M, N be metric spaces, and f: M — N be a Lipschitz mapping such that
f(0) = 0. Then there is a linear operator f: (M) — F(N) such that

f(o(x)) =6(f(x)) forallxeM

and moreover H?H = |Ifl;-

We callj? the linearization of f.
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Relations between Lipschitz-free spaces

@ The linearization property implies that

M and N bi-Lipschitz equivalent — F(M) ~ F(N)

@ McShane’s extension theorem implies that

NCcM = F(N)C F(M) isometrically

Theorem (McShane 1934)

Every f € Lipy(N) can be extended to F € Lip,(M) with ||F||, = [/f||,.
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Relations between Lipschitz-free spaces

@ The linearization property implies that

M and N bi-Lipschitz equivalent — F(M) ~ F(N)

@ McShane’s extension theorem implies that

NCcM = F(N)C F(M) isometrically

Moreover:

Theorem (Aliaga, Perneckd 2020)

Let N; C M be closed subsets containing 0. Then

oo (o)
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o f(N) Efll

T: ]:(N) — 61
§(n) — (1,.7.,1,0,0,...)
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o f(N) Efll

T: ]:(N) — 61
§(n) — (1,.7.,1,0,0,...)

e F([0,1]) = L1[0,1]:

T: F([0,1]) — L1[0, 1]
5(x) = X[0,x]
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o ]:(N) = éll

T: ]:(N) — f]
§(n) — (1,.7.,1,0,0,...)

e F([0,1]) = Ly[0,1]:

T: F([0,1]) — L1[0, 1]
5(.)(') = X[0,x]

Theorem (Godard 2010)
Let M C R closed and infinite.

@ If H!(M) = 0 then F(M) = ¢;.
@ If H'(M) > 0 then F(M) ~ L;.
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Purely 1-unrectifiable spaces

A metric space M is purely 1-unrectifiable if 7'(f(A)) = O for every A C R
and every Lipschitz map f : A — M.
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Purely 1-unrectifiable spaces

A metric space M is purely 1-unrectifiable if 7'(f(A)) = O for every A C R
and every bi-Lipschitz map f : A — M.

Proposition (Kirchheim 1994)

M is purely 1-unrectifiable iff it contains no curve fragment.

A curve fragment is a bi-Lipschitz copy of a compact K C R with #!(K) > 0.
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Purely 1-unrectifiable spaces

A metric space M is purely 1-unrectifiable if 7'(f(A)) = O for every A C R
and every bi-Lipschitz map f : A — M.

Proposition (Kirchheim 1994)

M is purely 1-unrectifiable iff it contains no curve fragment.

A curve fragment is a bi-Lipschitz copy of a compact K C R with #!(K) > 0.

If M is not purely 1-unrectifiable, then L; — F(M).
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Purely 1-unrectifiable spaces

A metric space M is purely 1-unrectifiable if 7'(f(A)) = O for every A C R
and every bi-Lipschitz map f : A — M.

Proposition (Kirchheim 1994)

M is purely 1-unrectifiable iff it contains no curve fragment.

A curve fragment is a bi-Lipschitz copy of a compact K C R with #!(K) > 0.

If M is not purely 1-unrectifiable, then L; — F(M).

Proof:
M D curve fragment

U

F(M) D F(curve fragment) ~ F(K) ~ L;
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Part 1:
The compact case



Schur and Radon-Nikodym properties

Recall that a Banach space X has the...
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Schur and Radon-Nikodym properties

Recall that a Banach space X has the...

... Schur property if weakly convergent sequences in X are norm
convergent
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Schur and Radon-Nikodym properties

Recall that a Banach space X has the...

. Schur property if weakly convergent sequences in X are norm
convergent

. Radon-Nikodym property (RNP) if the Radon-Nikodym theorem holds
for X-valued vector measures
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Schur and Radon-Nikodym properties

Recall that a Banach space X has the...

. Schur property if weakly convergent sequences in X are norm
convergent

. Radon-Nikodym property (RNP) if conv dent C = C for every closed
bounded convex C C X
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Schur and Radon-Nikodym properties

Recall that a Banach space X has the...

. Schur property if weakly convergent sequences in X are norm
convergent

. Radon-Nikodym property (RNP) if every Lipschitz map [0, 1] — X is
differentiable a.e.
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Schur and Radon-Nikodym properties

Recall that a Banach space X has the...

. Schur property if weakly convergent sequences in X are norm
convergent

. Radon-Nikodym property (RNP) if every Lipschitz map [0, 1] — X is
differentiable a.e.

@ Both are hereditary and invariant under isomorphisms
@ /; has both properties, L; has neither

@ In general, neither property implies the other one
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Schur and Radon-Nikodym properties

Recall that a Banach space X has the...

. Schur property if weakly convergent sequences in X are norm
convergent

. Radon-Nikodym property (RNP) if every Lipschitz map [0, 1] — X is
differentiable a.e.

@ Both are hereditary and invariant under isomorphisms
@ /; has both properties, L; has neither

@ In general, neither property implies the other one

Question (implicit in Kalton 2004)
For which Lipschitz-free Banach spaces do they hold?
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Locally flat functions

f M — Ris locally flat at x if its asymptotic Lipschitz constant at x is O,
that is, lim |[flpeer |, = O-

We denote lip,(M) = (everywhere) locally flat functions in Lipy(M).

Ramon J. Aliaga (

Lipschitz-free spaces and purely 1-unrectifiable metric spaces



Locally flat functions

f M — Ris locally flat at x if its asymptotic Lipschitz constant at x is O,
that is, lim |[flpeer |, = O-

We denote lip,(M) = (everywhere) locally flat functions in Lipy(M).

Examples:

M=1[0,1: felipg(M) = f/(x)=0¥x = f=0
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Locally flat functions

f M — Ris locally flat at x if its asymptotic Lipschitz constant at x is O,
that is, ;gl(l) HﬂB(X,r) HL =0.
We denote lip,(M) = (everywhere) locally flat functions in Lipy(M).

Examples:

M=1[0,1: felipg(M) = f/(x)=0¥x = f=0

@ M =N: everyf islocally constant = locally flat
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Locally flat functions

f M — Ris locally flat at x if its asymptotic Lipschitz constant at x is O,
that is, ;gl(l) HﬂB(X,r) HL =0.
We denote lip,(M) = (everywhere) locally flat functions in Lipy(M).

Examples:

M=10,1]: felipp(M) = f'x)=0Vx = f=0
@ M =N: everyf is locally constant = locally flat
@ M c Rand H!(M) = 0:
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Locally flat functions

f M — Ris locally flat at x if its asymptotic Lipschitz constant at x is O,
that is, ;gl(l) HﬂB(X,r) HL =0.
We denote lip,(M) = (everywhere) locally flat functions in Lipy(M).

Examples:

M=10,1]: felipp(M) = f'x)=0Vx = f=0
@ M =N: everyf is locally constant = locally flat
@ M c Rand H!(M) = 0:
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Locally flat functions

f M — Ris locally flat at x if its asymptotic Lipschitz constant at x is O,
that is, ;gl(l) HﬂB(X,r) HL =0.
We denote lip,(M) = (everywhere) locally flat functions in Lipy(M).

Examples:

M=10,1]: felipp(M) = f'x)=0Vx = f=0
@ M =N: everyf is locally constant = locally flat
@ M c Rand H!(M) = 0:

Fixe > 0.
Cover M with U, H}(U) < e.
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Locally flat functions

f M — Ris locally flat at x if its asymptotic Lipschitz constant at x is O,
that is, lim |[flpeer |, = O-

We denote lip,(M) = (everywhere) locally flat functions in Lipy(M).
Examples:
M=[0,1]: felipp(M) = f'x)=0¥vx = f=0

@ M =N: everyf islocally constant = locally flat
@ M c Rand H!(M) = 0:

Fixe > 0.
Cover M with U, H}(U) < e.
Let £(x) = #1([0,] \ U).

Ramon J. Aliaga (

Lipschitz-free spaces and purely 1-unrectifiable metric spaces



Locally flat functions

f M — Ris locally flat at x if its asymptotic Lipschitz constant at x is O,
that is, lim |[flpeer |, = O-

We denote lip,(M) = (everywhere) locally flat functions in Lipy(M).
Examples:

M=10,1]: felipp(M) = f'x)=0Vx = f=0
@ M =N: everyf is locally constant = locally flat
@ M c Rand H!(M) = 0:

Fixe > 0.

Cover M with U, H}(U) < e.
Let f(x) = H'([0,x] \ U).
Then [[f[|; <1, flm € lipo(M),
and [f(x) —f(y)[ > e —y| —&.
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Locally flat functions

f M — Ris locally flat at x if its asymptotic Lipschitz constant at x is O,
that is, }gl(l) Hf|B(x,r) HL =0.

We denote lip,(M) = (everywhere) locally flat functions in Lipy(M).

Examples:

M=10,1]: felipp(M) = f'x)=0Vx = f=0
@ M =N: everyf is locally constant = locally flat
@ M c Rand H!(M) = 0:

Uniform separation

We say that lip, (M) SPU (separates points of M uniformly) if

Vx,y € M, e > 0 there is a 1-Lipschitz f € lipy(M) such that
f) —fly) > d(xy) —¢
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Uniform separation and duality

Theorem (Weaver 1996)

If K is compact metric and lip,(K) SPU then lipy(K)* = F(K).
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Uniform separation and duality

Theorem (Weaver 1996)

If K is compact metric and lip,(K) SPU then lipy(K)* = F(K).

Examples:
@ K has a snowflake metric, i.e. (K,d%), § € (0,1) (Johnson 1970)
@ K is ultrametric (Dalet 2015)
@ K is countable (Dalet 2015; Weaver 2018)
@ K is a zero-measure subset of an R-tree (Aliaga, Petitjean, Prochdzka 2021)
e HI(K)=0
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Uniform separation and duality

Theorem (Weaver 1996)

If K is compact metric and lip,(K) SPU then lipy(K)* = F(K).

Examples:
@ K has a snowflake metric, i.e. (K,d%), § € (0,1) (Johnson 1970)
@ K is ultrametric (Dalet 2015)
@ K is countable (Dalet 2015; Weaver 2018)
@ K is a zero-measure subset of an R-tree (Aliaga, Petitjean, Prochdzka 2021)
e HI(K)=0
Proof for #!(K) = 0:

Fix 0 € K, let
D={d(0,p):peK} CR

Then #!(D) = 0. Find f € lip,(D) and take
g(p) =£(d(0,p))
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Putting the pieces together

lipo(K) SPU

<

lipg(K)* = F(K)

e

F(K) dual
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Putting the pieces together

lipy(K) SPU

:

lipy(K)" =

[

F(K) dual = F(K) RNP

Theorem (Dunford, Pettis 1940)
Separable dual spaces have the Radon-Nikodym property.
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Putting the pieces together

lipy(K) SPU

\

lipy(K)™ = F(K) Schur

|

F(K) dual =——— F(K) RNP

:

Theorem (Kalton 2004; Petitjean 2017)
If lipy (M) SPU then F (M) has the Schur property.
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Putting the pieces together

lipy(K) SPU

\

lipy(K)™ = F(K) Schur

| T~

F(K) dual =——= F(K) RNp —— L1 /> F(K)

:

L fails Schur and RNP.
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Putting the pieces together

lipo(K) SPU K purely

\ 1-unrectifiable

lipy(K)™ = F(K) Schur

| T~

F(K) dual == F(K) RNp —— L1 /> F(K)

:

F(curve fragment) ~ L,
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Putting the pieces together

lipy(K) SPU K purely

“ \ 1-unrectifiable

Theorem (Bate 2020; Aliaga, Gartland, Petitjean, Prochdzka 2022)

If K is compact and purely 1-unrectifiable then lip,(K) SPU.
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Argument using Bate’s results

Let K be compact and purely 1-unrectifiable, and f : K — R be 1-Lipschitz.

Lemma (Bate 2020)

For any ¢ > 0O there are g : K — R 1-Lipschitz and § > 0 such that:

QI gl <c
1269 — g0)] _ FGd) —FO)
@ Sy = dxy)

g9 — g0l
® iy

+eforallx#yekK

<eforallx #y € Kwithd(x,y) <¢
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Argument using Bate’s results

Let K be compact and purely 1-unrectifiable, and f : K — R be 1-Lipschitz.

Lemma (Bate 2020)

For any ¢ > 0O there are g : K — R 1-Lipschitz and § > 0 such that:

QI gl <c
1269 — g0)] _ FGd) —FO)
@ Sy = dxy)

g9 — g0l
® iy

+eforallx#yekK

<eforallx #y € Kwithd(x,y) <¢

For any € > O there is a 1-Lipschitz g € lipy(K) such that ||f — g|| < e

Proof: Fix > e, < ¢ and apply Bate’s lemma iteratively to get a sequence (g,)

-1l
where ||gn — gn-1]| < en. Then g, —= g € lipy(K).
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The compact case

Theorem (Aliaga, Gartland, Petitjean, Prochdzka 2022)

For a compact metric space K, TFAE:

@ K is purely 1-unrectifiable
@ lip,(K) separates points of K uniformly
@ lipy(K)" = F(K)

@ F(K) is a dual Banach space

@ F(K) has the Schur property

° F(K)

° F(K)

F(
F(K) has the Radon-Nikodym property
F(

F(K) does not contain L, isomorphically
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Part 2:
The non-compact case



Unrectifiability versus duality

For compact metric M, F(M) is a dual space iff M is purely 1-unrectifiable.
What about a general M?
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Unrectifiability versus duality

For compact metric M, F(M) is a dual space iff M is purely 1-unrectifiable.
What about a general M?

M purely 1-unrectifiable X F (M) dual
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Unrectifiability versus duality

For compact metric M, F(M) is a dual space iff M is purely 1-unrectifiable.
What about a general M?

M purely 1-unrectifiable X F (M) dual

NO. Counterexample:
(Garcta-Lirola, Petitjean, Prochdzka, Rueda Zoca 2018)
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Unrectifiability versus duality

For compact metric M, F(M) is a dual space iff M is purely 1-unrectifiable.
What about a general M?

77

M purely 1-unrectifiable X F (M) dual

NO. Counterexample:
(Garcta-Lirola, Petitjean, Prochdzka, Rueda Zoca 2018)
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Unrectifiability versus duality

For compact metric M, F(M) is a dual space iff M is purely 1-unrectifiable.
What about a general M?

77

M purely 1-unrectifiable X F (M) dual

NO. Counterexample:
(Garcta-Lirola, Petitjean, Prochdzka, Rueda Zoca 2018)
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Unrectifiability versus duality

For compact metric M, F(M) is a dual space iff M is purely 1-unrectifiable.
What about a general M?

77

M purely 1-unrectifiable X F (M) dual

NO. Counterexample:
(Garcta-Lirola, Petitjean, Prochdzka, Rueda Zoca 2018)
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Unrectifiability versus duality

For compact metric M, F(M) is a dual space iff M is purely 1-unrectifiable.
What about a general M?

M purely 1-unrectifiable X F (M) dual

NO. Counterexample:
(Garcta-Lirola, Petitjean, Prochdzka, Rueda Zoca 2018)
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Unrectifiability versus duality

For compact metric M, F(M) is a dual space iff M is purely 1-unrectifiable.
What about a general M?

F(M) dual XM purely 1-unrectifiable
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Unrectifiability versus duality

For compact metric M, F(M) is a dual space iff M is purely 1-unrectifiable.
What about a general M?

F(M) dual XM purely 1-unrectifiable

Separable M: YES.
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Unrectifiability versus duality

For compact metric M, F(M) is a dual space iff M is purely 1-unrectifiable.
What about a general M?

F(M) dual XM purely 1-unrectifiable

Separable M: YES.
Nonseparable M: NO. Counterexample: M C ¢;(c) with F(M) = C([0,1])"
(Aliaga, Grelier; Prochdzka 2024)
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Original Kalton’s lemma

Let M be any complete metric space.
For finite E C M, use the notation for “small sets”

[El; = {x €M : d(x,E) <r} = JBe,r)

ecE
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Original Kalton’s lemma

Let M be any complete metric space.
For finite E C M, use the notation for “small sets”

[El; = {x €M : d(x,E) <r} = JBe,r)

ecE

Lemma (Kalton 2004)

IfW = (w,) C F(M) is a weakly null sequence, then

@ for every e,r > O there is a finite E C M and a mapping T : W — F([E];)
such that
lw—Tw)|| <e forallw e W
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Original Kalton’s lemma

Let M be any complete metric space.
For finite E C M, use the notation for “small sets”

[El; = {x €M : d(x,E) <r} = JBe,r)

ecE

Lemma (Kalton 2004)

IfW = (w,) C F(M) is a weakly null sequence, then

@ for every e,r > O there is a finite E C M and a mapping T : W — F([E];)
such that
lw—Tw)|| <e forallw e W

Proposition (Aliaga, Nots, Petitjean, Prochdzka 2021)

Ditto if W € F(M) is weakly compact.
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User-friendly Kalton’s lemma

Proposition (Aliaga, Noils, Petitjean, Prochdzka 2021)

For a subset W C F(M), TFAE:

@ For every e,r > 0 there is a finite E C M and a mapping T : W — F([E],)
such that
lw—Tw)|| <e forallw e W

@ For every ¢ > 0O there is a compact K C M and a mapping T : W — F(K)
such that
lw—Tw)|| <e forallw e W
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User-friendly Kalton’s lemma

Proposition (Aliaga, Noils, Petitjean, Prochdzka 2021)

For a subset W C F(M), TFAE:

@ For every ¢,r > 0 there is a finite E C M and a mapping T : W — F([E],)
such that
lw—Tw)|| <e forallw e W

@ For every ¢ > 0O there is a compact K C M and a mapping T : W — F(K)
such that
lw—Tw)|| <e forallw e W

Moreover T can be chosen to be continuous and linear.

In fact, T is a uniform limit of continuous linear operators on W.
T does not extend to a continuous linear operator on F(M) in general.
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User-friendly Kalton’s lemma

Sketch of proof:
Let r, N\ 0 and iteratively approximate W in
° F([Ea]n) = F([Elr)
® F([Ealn) N F([Ezlr,) = F([Erlr N [E2]r,)
® F([Ealr) N F([E2lr,) N F([Eslr,) = F([Ealr, N [Ealr, N [Es]r,)
o ...
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User-friendly Kalton’s lemma

Sketch of proof:
Let r, N\ 0 and iteratively approximate W in
° F([Ea]n) = F([Elr)
® F([Ealn) N F([Ezlr,) = F([Erlr N [E2]r,)
® F([Ealr) N F([E2lr,) N F([Eslr,) = F([Ealr, N [Ealr, N [Es]r,)
o ...

The approximations converge to something contained in

m F([Enr,) = F (ﬂ [En]rn>

n=1
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User-friendly Kalton’s lemma

Sketch of proof:
Let r, N\ 0 and iteratively approximate W in
° F([Ea]n) = F([Elr)
® F([Ealn) N F([Ezlr,) = F([Erlr N [E2]r,)
® F([Ealr) N F([E2lr,) N F([Eslr,) = F([Ealr, N [Ealr, N [Es]r,)
o ...

The approximations converge to something contained in

m]:([En]rn) :]:<m[En]rn> = F(K)
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Compact determination

Theorem (Aliaga, Notis, Petitjean, Prochdzka 2021)
F(M) is Schur iff F(K) is Schur for every compact K C M.

We say that the Schur property is compactly determined.
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Compact determination

Theorem (Aliaga, Notis, Petitjean, Prochdzka 2021)
F(M) is Schur iff F(K) is Schur for every compact K C M.

We say that the Schur property is compactly determined.

Sketch of proof («):

Let w, = 0 in F(M). Fix e > 0.

Find K € M and (v,) C F(K) with ||[wy — vy < e.

Using the “uniform linearity” of w,, — v,, we check that v, = 0.
By assumption we get v, — 0.

Letting ¢ — O yields w, — 0 as well.
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Compact determination

Theorem (Aliaga, Notis, Petitjean, Prochdzka 2021)
F(M) is Schur iff F(K) is Schur for every compact K C M.

Other compactly determined properties, with a similar proof:

@ weak sequential completeness
@ the approximation property (AP)
@ the Dunford-Pettis property

...and with a probabilistic version of the proof:

@ the Radon-Nikodym property

Theorem (Aliaga, Gartland, Petitjean, Prochdzka 2022)
F(M) has RNP iff 7(K) has RNP for every compact K C M.
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The general case: summary

F(K) RNP F(K) Schur
for compact K C M for compact K C M
F (M) RNP F(M) Schur
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The general case: summary

all K C M purely
1-unrectifiable

— |

F(K) RNP F(K) Schur
for compact K C M for compact K C M
F (M) RNP F(M) Schur
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The general case: summary

all K ¢ M purely «——. M purely

1-unrectifiable 1-unrectifiable
F(K) RNP F(K) Schur
for compact K C M for compact K C M
F (M) RNP F(M) Schur
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The general case: summary

all K ¢ M purely «——. M purely

1-unrectifiable 1-unrectifiable

/ ]}

F(K) RNP F(K) Schur

for compact K C M for compact K C M

| !

F (M) RNP F(M) Schur
\ ﬂ

Ly & F(M)
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The general case: summary

Theorem (Aliaga, Gartland, Petitjean, Prochdzka 2022)

For a complete metric space M, TFAE:
@ M is purely 1-unrectifiable
@ F(M) does not contain L,
@ F(M) has the Schur property
@ F(M) has the Radon-Nikodym property
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An open question?

Suppose that M is complete and purely 1-unrectifiable, but not compact.
@ Does lipy(M) separate points of M uniformly?
Alternatively:

@ Can every 1-Lipschitz function f : M — R be approximated pointwise by
locally flat 1-Lipschitz functions?
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An open question?

Suppose that M is complete and purely 1-unrectifiable, but not compact.
@ Does lipy(M) separate points of M uniformly?
Alternatively:

@ Can every 1-Lipschitz function f : M — R be approximated pointwise by
locally flat 1-Lipschitz functions?

The best we can say is:

Proposition (Aliaga, Perneckd, Smith 2026+)

For each compact K C M, every 1-Lipschitz function f : M — R can be
approximated by 1-Lipschitz functions that are locally flat on every point of K.
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Thank you for your attention!

References:

@ “Purely 1-unrectifiable metric spaces and locally flat Lipschitz functions”,
R. J. Aliaga, C. Gartland, C. Petitjean and A. Prochazka,
Trans. Amer. Math. Soc. 375 (2022), 3529-3567
@ “Compact reduction in Lipschitz-free spaces”,
R. J. Aliaga, C. Nofis, C. Petitjean and A. Prochazka, Studia Math. 260 (2021), 341-359
@ ‘A solution to the extreme point problem and other applications of Choquet theory to
Lipschitz-free spaces”,
R. J. Aliaga, E. Perneckd and R. J. Smith, to appear in Trans. Amer. Math. Soc.
@ “Purely unrectifiable metric spaces and perturbations of Lipschitz functions”,
D. Bate, Acta Math. 224 (2020), 1-65

@ “Spaces of Lipschitz and Holder functions and their applications”,
N. J. Kalton, Collect. Math. 55 (2004), 171-217



