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Structure of this talk:

Part I.

e Rectifiable and unrectifiable sets

e Fractal percolation

e Pure a-unrectifiability of fractal percolation

Part II.

e Regular and irregular 1-sets on the graph of the Takagi function

e Micro tangent sets of continuous functions and irregular 1-sets on the
graphs of typical continuous functions

e If time permits further examples...



Rectifiable and unrectifiable sets

Two equivalent definitions:

D.: A Borel set E C R? is a rectifiable subset of dimension k if dimy E = k
and 3 a countable family of Lipschitz maps f; : R¥ — R¢

such that H*(E \ Uf;(R*)) = 0.
Besicovitch d =2, kK = 1, Lipschitz curves. Higher dimensions Mattila.

D.: A Borel set E C R? is a rectifiable subset of dimension k if dimy E = k
and 3 a countable family of C! k-dimensional submanifolds of R? which cover
Hr-almost all E.

A Borel set of Hausdorff dimension k which is not rectifiable
is called unrectifiable.

D.: An unrectifiable k-dimensional set £ C R? is called purely unrectifiable
if its intersection with any k-dimensional rectifiable set is an HF-null set.

Previous defs = an unrectifiable set is purely unrectifiable if and only if its
intersection with the image of an arbitrary Lipschitz map f : R¥ — R% is an
HE-null set.



N={1,2,..}.
We will use the following characterization:

T.: Let ke N. A set F C R? is purely k-unrectifiable

if H*(M N F) = 0 for all k-dimensional Ct-submanifolds M C R¢.

Using Fubini’'s theorem one can easily obtain:

Cor.: If I C R? js a purely 1-unrectifiable Borel set, then
it is also purely k-unrectifiable for any k € N.

Pure a-unrectifiability

Suppose that I C R is a closed and bounded interval.

D.: LetO<a<1land H>0. Acurve~: 1 —=R4is

(H,a)-Hdlder (continuous) at a € I, if it satisfies the condition

|v(a) —~v(b)| < H|a — b|* for every b € I.

A curve ~v is (H,«)-Hdlder, if it is (H,a)-HOlder at every a € I.

A curve ~v is a-HOlder, if for every a € I there is H, > 0 such that

~v is (H,, a)-HOolder at a € I.

The following well-known lemma is an immediate corollary of definitions.
L.: Let~: I —RY be an (H,a)-Hdblder curve for some 0 < o« <1 and H > 0.
Assume that A C 1.

Then He(~v(A)) < HaH(A).



According to the next lemma, every a-HOlder curve can be covered by a
countable collection of (H, «)-Holder curves.

L.: Let~: I —R? be an a-Hdblder curve for some 0 < a < 1.
Then there is a countable collection of curves ~;: I — R%, i € N, such that

i is (i,a)-Hdélder and ~(I) C | J ().
=1
In view of the previous two Lemmas the following definition is natural.
D.: Let 0 <a<1. A set AcC R?is a-rectifiable, if there exist a-HOlder
curves ~v;: I — R4, i € N, such that Hi(A\ (U, ~vi(l))) = 0.
A set A C R? is purely a-unrectifiable, if
H-(AN~(I)) =0 for all a-HOlder curves ~: I — R

Rem.: When a = 1, the above definition agrees with the standard definition
of 1-rectifiability and pure l-unrectifiability.



Decomposition Theorems

T.: If E C R%is a Borel set with o-finite H*-measure, then 3 a rectifiable set
R and a purely unrectifiable set U such that £ = RUU. The decomposition

is unique up to Hk-null sets.

T.: If E C R? is a rectifiable k-dimensional set, then
E = | J E; (with the union disjoint) where
1>0
HF(Eo) = 0, E; C I'; is compact, and I; is a C* k-dimensional submanifold
for:>1.



Besicovitch-Federer projection theorem

Grassmann manifold: G(k,d) of k-dimensional planes in R? with uniform
measure v.
E C R?is a k-set if it is H¥ measurable and 0 < H*(E) < co.

T.: If ECR?is a k-set then .
FE is purely unrectifiable if and only if

for v-a.e. k-dimensional plane = we have H*(MN.(E)) = 0.
(M, is the projection onto «.)

Classical 1D Besicovitch case:

T.: If E CR?is an irregular 1-set
then A1 (proj,E) = O for (Lebesgue) a.e 6 € [0, 7).

On the other hand:

T.: If E C R? is a regular 1l-set
then A\i(proj,E) > 0 for all but at most one value of 4.

Next we will discuss fractal percolation.



0<p<1, N>2. Unit cube Qo :=[0,1]% C R%

Divide Qo into N? subcubes of equal size.

Independently of each other, each of them is chosen

with probability p and deleted with probability 1 — p,

%gdcthe collection of the chosen subcubes is denoted
1.

Continue by repeating the same process for each @ €

C1.

The set of all chosen cubes at the second level is

denoted by C».

Iterating this process inductively gives the

fractal (or Mandelbrot) percolation set E:= () |J Q.
n=1QeC,

On the Figure d=2, p=7/8, N = 3.
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Fractal percolation model (formal definition)

d > 2 we work in R, N >2. T is rooted N%branching tree

Q:={0,1V7 ={w|w: v(T) = {0,1}},

where v(T) is the set of vertices of 7.

Index set J := {1,...,N9%}. The vertices of 7 may be naturally encoded by

finite words i1 with letters in J. o
For 0 <p <1, define a Borel probability measure P, on €2 by

P, := ((1 — p)do + p61)*"), where §, is the Dirac measure at k.

We consider the probability space (€2, B,P,)where B is the completion of the
Borel o-algebra. Every w € Q2 defines a fractal percolation set E(w) C R%

d
0, ‘= { It - DN LN [li=1,...,N" and i = 1,...,d}

1=1
is the collection of grid subcubes of Qo := [0, 1]¢ with side length N—™.
The level of a cube Q € Q, is n, such cubes are also indexed with finite
words 1 = 11 - - - 1y.
Given w € 2, a cube Q; € Q,, is chosen if w(i) = 1 and deleted if w(i) = 0.
The set of chosen cubes in Q, is denoted by C,(w) :={Q; € O, | w(i) = 1}.
For every w € 2, we define the fractal percolation set FE(w) by

E(w) := ﬁ ) Q.

n=0 QeCn(w)
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Main result

T.. For all 0 <p< 1, there exists ag = ag(p,d, N) < 1 such that,
for P,-almost all w € €2,
the set E(w) is purely a-unrectifiable for all g < o < 1.

We give in our paper a simpler proof for the special case:
T.: For all0 <p< 1, the set E(w) is purely 1-unrectifiable for P,-almost all

w € 2.

By the earlier Fubini type observation =
Cor.: LetkeN. Forall0<p< 1, the set E(w) is purely k-unrectifiable for

P,-almost all w € €2.
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D.. Let mg € N, and fix w € €2. For all n € N, a cube
Q' € Qntmy IS strong/y i-deleted if

Q € Onitme \ Copme(w) for all Q ~; Q' (neighbors of Q' in
the layer).

A cube Q' € Qp4m, IS Weakly i-chosen if it is not strongly i-
deleted, that is, either Q' or at least one of its neighbours
in the same (n + mo, 7)-layer is chosen.

Let ¢ C RY be a line with a principle direction i € {1,...,d} and let Q €
Q, be such that £N Q has positive length. Let £i,...,L; be the (n +
mo,i)-layers (in the natural order) for which £N QN L; has positive length.

’ We say that Q is mo-good for the line ¢ if there is a
; . strongly i-deleted cube Q' € Qn+mo(Q) so that

Lo L ===, e [(a)] Q' ¢ L; for j € {1,2,k—1,k} and

olimnE =+ e [(D)] ¢ intersects Q' properly.

\

A cube Q € 9O, is mo-bad for a line ¢ if it is not mg-good for /.
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For a (d — 1)-dimensional face F of Q € Q,, we
denote by G,,,(F') the grid points of the natural grid
of side length N0 in F.

For all Q € Q,, define a collection of lines I (Q, mg) :=
U Fu(mo), where the first union is over all (d—1)-
F v

£

g

s A

v

N

\

/
/ P dimensional faces F' of (), the second one is over all
L1 _+—T | vertices of Q not contained in F

[+ |.and [g,(mo) is the collection of all lines ¢ such that

Fv et and ¢ Gy (F) # 0.

We call a cube Q € 9, mp-good if it is mg-good for all lines which intersect
Q) properly and are parallel to some line in I'(Q, mo).

AN

'y

Finally, a cube Q € Q,, is mg-bad if it is not mg-good.
If Q € 9, is mpo-good for a line ¢, then there is a line segment I, C QN4{NE(w)°

with HY(I;) > d-IN—"—mo.
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Set N, := |d 'N™| -4, (|z| is the integer part of z € R).

L: LetneN, Qe Q,andie{l,...,d}. Fix mg € N such that N, > 1.
Assume that a line £ with a principle direction 1 intersects () properly. For
all 0 <p< 1, there exists 0 < g=q(p,d) < 1 such that

P,({w € Q| Q is mo-good for £}) > 1 — ¢"mo.

Recall that a cube @ € Q,, mp-good if it is mo-good
for all lines which intersect () properly and are
) parallel to some line in I'(Q,mo).

,/C,/ The probability for being mo-good is large when me
is large:

/.f/f Prop.: For all 0 < p < 1 and mo € N, there ex-

% P ists a number 0 < p, = py(mo,p,d,N) < 1 with

S AT | iMoo pg(mo, p,d, N) = 1 such that
) 1T 11 |B({we]|Q is mo-good}) > p,

for alln € N and @ € Q,,.
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L.: Let n,mo € N with Ny, > 1, w € £2 and
F ie{1,...,d}.
. Suppose that z,y € [0,1]* are such that
— ") L(x,y) passes through an (n,i)-layer L.

. =l

”{_jﬁ ==t T Letny: [a,b] — R? be a curve passing through L

"‘-_-e.':I __.-—-'_‘::F:—"-::::____- 1 o
= such that d a,bl), L(x, < ——=N""7"0,

LILE 1 H(v(la, b)), L(z,y)) >3

n;1(z)

Finally, assume that all the cubes Q € Q,(L)
intersecting L(x,y) are mo-good.
Then there are a,b € [a,b] such that

~(1@, b)) N E(w) =0 and |y(@) — v(b)| > d-*N—"—mo,

Recall: A set F C R% is purely 1-unrectifiable
if H*(M N F) = 0 for all 1-dimensional C'-submanifolds M C R¢, that is M

is a C'l-curve. _ _ _
It has a tangent at every point, so locally looks like a line...

=

T.. Forall0<p< 1, the set E(w) is purely 1-unrectifiable
for P,-almost all w € 2.
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The general HOlder o case

While we zoom in, differentiable curves start to look almost like lines and,
therefore, the little cubes in mg-good cubes removed during the fractal
percolation process guarantee that differentiable curves cannot intersect
the fractal percolation set in a set of positive linear measure.

Main difficulty:
We cannot use tangent lines and linearization.
We use broken line approximations.

S If v passes through an mg-good cube and is close
R Q‘:L_to the fractal percolation set, it has to go around a
P strongly deleted cube.
This increases the arc length slightly compared to a
straight line.

The macroscopic increase in length is a consequence of the fact that mg-
good cubes are abundant and uniformly spread.

To achieve this, we need to define several concepts depending on w € 2 and
based on the definitions of mp-good and mg-bad cubes.

23



The macroscopic increase in length is a consequence of the fact that mg-
good cubes are abundant and uniformly spread.

o
m!
O

O

= = | EE

A (k,L,c,mg)-good cube
containing (kK — 1,L, ¢, mg)-
bad and (k—2,L, ¢, mg)-bad
cubes. Here ¢ = 2.

In order to prove that curves staying close to the
fractal percolation set cannot be a-HOlder for «
close to 1, we need that mg-good cubes at different
levels are occurring sufficiently uniformly:

As we zoom out at certain zoom levels, with high
probability, some mg-bad cubes show up. However,
with high probability, in one ‘large” cube we do
not have too many mgo-bad cubes.

The “large” cubes are considered '"good” if this
is the case. If we zoom out further, we might
find some “much larger” cubes which, with high
probability, contain some ‘large” cubes which are
“bad” . However, with high probability, in one
“much larger” cube we do not have too many
“large’” cubes which are “bad”. The “much larger”
cubes are considered “good’ if this is the case.
Clearly, this procedure can be iterated.

On the Figure one can think of the small blue
squares (two dimensional cubes) as the mg-bad
cubes.

The larger blue cubes are bad “large” cubes (they contain too many mg-

bad cubes) and one ‘“good” much larger level cube is shown in the figure.
To determine the different zoom levels, at which we look at good and bad

cubes, is very delicate:

If we zoom out too fast, we might end up with too many bad cubes,
If we zoom out too slowly, the probability estimates about the number of
good cubes do not work.
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The Takagi
an everywhere non-differentiable function on [0, 1].

T
0.6

Irregular and regular sets on graphs of
functions

The Takagi function T : [0,1] — R is a
classical example of a continuous nowhere

differentiable function. It is defined as
T(@) = Y gu() = lim, Go(a)

where G, = g1 + -+ + gn,
and g,(x) = dist (z, D,,) denotes the distance
from the point z to the set

k
Dn:{ :k=0,1,...,2"—1}, D =|JD,

2n—1

functibn wés intfoduced by T.Takagi in 1903 as an example of

In 1930 van der Waerden studied a decimal version of the function and

proved its non-differentiability.
In 1933 Hildebrandt simplified his construction to rediscover the Takagi
function.

In the 1950’'s G. de Rham considered self-similar constructions of geometric
objects, again constructing a function equivalent to the Takagi function.

In 1959 Kahane noted that the level set T-1(2/3) was a perfect, totally
disconnected set of Lebesgue measure 0, and
in 1984 Baba showed that 71(2/3) has Hausdorff dimension 1/2.
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This problem was proposed by me for the Miklos Schweitzer Mathematical
competition of the Janos Bolyai Mathematical Society in 2006:

Suppose that f(x) = > 02,2 "||2"x||, where ||z|| is the distance of x from
the closest integer (that is, f is Takagi's function). What can we say for
Lebesgue almost every y € f(R) about the cardinality of the level set

Ly={z€0,1]: f(z) = y}7
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This problem was proposed by me for the Miklds Schweitzer Mathematical
competition of the Janos Bolyai Mathematical Society in 2006:

Suppose that f(x) = Y 02,27 "||2"x||, where ||z|| is the distance of x from
the closest integer (that is, f is Takagi's function). What can we say for
Lebesgue almost every y € f(R) about the cardinality of the level set

L,y={xc[0,1]: f(z) = y}?

The surprizing answer is that it is finite.

During the competition three solutions arrived.

Only one competitor - the winner of the competition - gave the correct an-
swer, one student claimed that the level sets are almost everywhere count-
ably infinite, another claimed that they are uncountably infinite.
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In the sequel we will denote by T the restriction of Takagi's function onto
the [0, 1] interval.

The one-dimensional Hausdorff measure in R? will be denoted by H!1,
the Lebesgue measure on R will be denoted by .

The projections of the coordinate plane onto the
x, Or y axis are denoted by =, or m,, respectively.

T.. The graph, {(x;T(x)) : z € [0,1]} of Takagi’s function

can be decomposed into two sets S, and Syeg.

The set Si is an irregular 1-set with A(7;(Sirr)) = 1, A(my(Sirr)) = 0 and
the set S,., can be covered by the graphs of countably many monotone
functions.

The set S, is “responsible’” for the finite level sets.

The set S is an irregular (or purely unrectifiable) 1-set.

This means that H!(S;.), the 1-dimensional Hausdorff measure of S;,,
IS positive and finite,

moreover, S;. intersects every continuously differentiable curve

in a_set of H-measure zero. o
By Besicovitch’s projection theorem the projection of S;,.»

in almost all directions is of zero Lebesgue measure.
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Proof (sketch).: Since Gy is piece-

wise linear _its derivative exists
at all but finitely many points.

If Gy(x) exists then it equals zero if
and only if up to the (N 4 1)st digit
the number of 0s equals the number
of 1s in the dyadic expansion of x.

It is well-known that for _almost ev-
ery = € [0, 1] this happens for infinitely
many NS.

The G'ys correspond to a symmetric

random walk model,

where an nth digit O means

a unit step in the negative and
an nth digit 1

means a unit step

in the positive direction.

~ This random walk is persistent by

Polya’s theorem, that is, the particle
doing the random walk returns with
probability one infinitely often to the
origin.

This means zero derivative for us.
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We have a rescaling property of Ty,
namely for N > N(xo,k) and z1 € I(xo, k)

G (1) = Gr(gomy (o) + 27V IG Y Niaor)—1 <2N(x°’“)+1(5131 —

and by letting N — oo,

T(21) = GN(apm (o) + 27V EWIT <2N(x°’“)+1($1 —

Denote by X3

the set of those x € [0, 1] for which
'v(x) exists for all N

and there exists an infinite sequence

N(x,1) < ... < N(x,k) < ... such that

GQV(:C’R)(:B) =0

for all k € N, but if N # N(x,k) for

all k then G\ (x) # 0.

Suppose xg € X;.
For any « = 1,2,... there exists

ko(xo,x) € Z such that

I( )dﬂ ko(xo, ) ko(zo, k) + 1
To € 1(To, K)= N (zo,k)+1’  DN(wo,k)+1

k(xo, ) )>

2N(330,l<;)—|—1

k(xo, k) )> |

DN (z0,x)+1
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ol R(xo, 1)

J(: e .
06 /%0 1 We define

J(a?o, lﬁ',) — [GN(xo,n)(m())a GN(J:O,H) (:UO) +
AT : : A(I (o, ))].

0.4 | | Set R(zo, k)= cl(I(z0, k) xJ(x0, k).

] i ‘ By elmentary calculations
0.3 1 i i for any xp S X1 we have
9_2_: i i R($o, 1)C[Oa 1] X [07 1]

E Using mathematical induction and
0.1 1 | | rescaling properties we also have

| | R(x0,1) D> .. DO R(xzo,k) D
0.0 —r ' R(xo,k+1) D ....

—{}.l-f o | Ijlr_-:-"n- 13 . - .
0.0 D.IE 0:4 D.IE D.IB l.ll:l

Set Sirr = ﬂzozl U:coeXl R(ajo, KJ).
Since A(J(xo,k)) — 0 as Kk — oo, S; iS a subset of the graph of T.

By the rescaling property we also have {(x;T(x)) : x € I(xo,k)}CR(xo, k).
A(T(Xl)) S A(Wy(sw“r)) S )\(leeXl‘](mlJ K’)) S Q_R)‘(leéXlI(xla KJ)) S 27"

Since this holds for all Kk we have A(T'(X1)) = A(my(Sir)) = 0.
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Recall: Denote by X; the set of those z € [0, 1] for which G’y (x) exists for
all N and there exists an infinite sequence
N(z,1) <.. < N(z,k) <..such that Gy, (z) =0

for all k € N, but if N = N(z,k) for all k then G(z) # 0.

Suppose yo & (| |J J(z1,x) = 7y(Sirr).

k=1 x1€X,

There exists k(yo) such that for all k > k(yo) we have yo & |J J(z1,k).
r1€X1

Set gx(20) = G y(up,m (20) for o € X1.

For x € X; extend them so that they are continuous.
The functions g; and g, are pictured on the figure.
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The set g1(X1) is countable and if yo & g1(X1) then g;'({yo}) has at most
two elements, one in [0,1/2] and another in [1/2,1].

For x € [0, 1]\ Uy, I(x0,1) we have g1(z) = T(x).

Suppose k > 2. We have A(U;,J(zo,x — 1)) < 27711

Borel-Cantelli lemma = almost every y belongs to only finitely many of the
different intervals J(xo,k — 1).

Similarity property = ¢.(X1) is countable and if y belongs to only finitely
many different J(zo,x — 1) then g-1({y}) is finite.

If & > k(yo) then g ({vo}) = g4, {yo})-
For x € [0, 1]\ Uy, I(xo, k) We have g.(z) = T(x).

Hence, T '({yo}) = 9;(20)({90}) is finite.
This implies the statement about the level sets.
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The set Syep={(z: T(2)) : z € [0, 1]\72(Sirs)}
is covered by the graphs of the functions g;.

T herefore S,., can be covered by the graphs
of countably many monotone functions. [J

Homework: In the definition of regularity we had Lipschitz maps, why are
monotone functions good?
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Micro tangent sets of continuous functions

We denote by Q™ the closed unit cube of R™.

Working with a compact subset ACR™ H. Furstenberg defined the microsets
of A, the following way:

A’ is a microset of A if there exist sequences of scaling constants v, € R and

translation vectors t, € R™ such that v,A4 + t, N Q) converges to A’ in the
Hausdorff metric.
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The closed cube of side length
26 > 0 centered at (x;y) will be
denoted by Q((x;vy),d), that is,
Q((x;y),9)

5}{(33 y) |7 — 2| <6 and |y —y| <

Let Q2 be the closed cube of side
length 2, centered at (0;0), that is,

Q((0;0),1).

If FCR? is a compact set then we
denote by CENT(F') the connected

component of FNQ? which contains
(0;0), this component is the central
component of F in Q2.

By C[—1,1]o we mean the set of those functions g in C[-1,1] for which

g(0) = 0.
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Def.: For ¢, > 0 we put
F(f,x0,0n) = %((gmph(f) N Q((zo; f(za)), 5n)) — (=o; f(fvo))>, that is,

n

F(f,xo,6,) is the 1/6§,-times enlarged part of graph(f) belonging to
Q((zo; f(z0)),d,) translated and scaled into Q2.

The set F' is a micro tangent set (M-tangent set) of f at xzo, that is,
F € fyr(xo) if there exists 6, \, O such that F(f,xo,d0,) converges to F' in
the Hausdorff metric.
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The set F'is a central-micro tangent set (CM-tangent set) of f at zo, that is
F € four(xo) if there exists 6, \, 0 such that CENT (F(f, xo,6,)) converges
to F' in the Hausdorff metric.

If f is differentiable at zo then fyr(xo) = fomr(xo) consists of one line
segment of slope f'(xg) passing through the origin.
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Def.:\We say that zq is a graph like, or a central graph like MT-point for f if
there exists g € C[—1, 1]p such that graph(g)NQ? € fur(zo), or graph(g)NQ? &
four(xzo), respectively.

We denote by GLMT(f), or by CGLMT(f) the set of graph like micro
tangent points, or the set of central graph like micro tangent points of f,
that is, the set of those (zg; f(xg)) for which zg is a graph like, or central
graph like MT-point of f, respectively.

Clearly, CGLMT(f) D GLMT(f).

Def.:We say that zg is a universal MT-point for f if graph(g) NQ? € fur(zo)
for every g € C[—1, 1]o.

The collection of those points (zo; f(xg)) for which zg is a universal MT-
point of f will be denoted by UMT(f).

We denote by GLMT,(f), or by CGLMT,(f) for a fixed g € C[—1,1]o the
set of those (xzq; f(zo)) for which graph(g) N Q? belongs to fur(xzo), oOr
CENT (graph(g) N Q?) belongs to four(xo), respectively.

39



Typical continuous functions

On the graph of f the set of graph like or central graph like points cannot
be too large:

Thm.: For any function f € C[0, 1] the sets GLMT(f) and CGLMT(f) are
of o-finite H'-measure.

By a result of R. D. Mauldin and S. C. Williams the graph of the typical
continuous function is of Hausdorff dimension one, but is not of o-finite

Hl-measure.

So, the theorem above says that most points in the sense of H!l-measure
on the graph of the typical continuous function are not graph, or central
graph like.
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Lem.:For a fixed g € C[-1,1]o the set of those functions f € C[0,1] for

which
HY (7 (GLMT,(f))) = H (7. (CGLMT,(f))) = 1 = X([0,1]) is a dense G;s set

in C[0, 1].

Lem.: If g € C[-1,1]p and f € C[0,1] then GLMT,(f) is a Gs set in the
relative topology of graph(f).

Thm.: There is a dense Gs set G of C[0,1] such that X(m.,(UMT(f))) =1
for all f € G. Furthermore, UMT(f) is a dense Gs subset in the relative
topology of graph(f). Hence, for the typical continuous function in C[0, 1]
almost every x € [0,1] is a universal MT-point and a typical point on the
graph of f is in UMT(f).
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Assume that go denotes the identically zero function in [—1,1].
Then CGLMT,(f) = GLMT,,(f).

Lem.: We have HY(n,(GLMT,(f))) =0 for any f € C|0, 1].

The next theorem shows that though UMT'(f) has large z-projection, it has
small y-projection.

Thm.: There is a dense Gs set G of C|0, 1] such that \(w,(UMT(f))) =0
for all f € G. Hence any preimage of almost every y in the range of the
typical continuous function is not a UMT-point.

By using go(x) = cx in the above argument one can obtain that for the
typical continuous function the projection of UMT(f) onto any line non-

parallel with the xz-axis is of Lebesgue measure zero.

On the other hand, its projection onto the z-axis is of Lebesgue measure
one.

By a result of P. Humke and G. Petruska the packing dimension of the
typical continuous function equals two. Next we see that from the packing

dimension point of view UMT(f) is sufficiently large for the typical contin-
uous function.

Thm.: For the typical continuous function f € C|[0, 1] the packing dimension
of UMT(f) equals two.
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Brownian motion

Instead of working with C][0, 1] we will work with C[0, +oc], our definitions
concerning micro-tangent sets generalize to this case the obvious way.

Thm.:For almost every Brownian motion path, W (t) from F € Weur(t),

(t > 0) it follows that chodzef{(o; y) |yl < 1}. Therefore, CGLMT(W) = ()

and UMT (W) = ( with probability one.
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Takagi’'s function

0.6
0.5
0.4
0.3
0.2

0.1

T T
0.2 0.4 0.6 0.8 1.0

Thm.: Almost every xg € R is a graph like micro tangent point of Takagi's
function, T (x). In fact, this function is “micro-self similar” in the sense that
if we take g = T|;_11] then graph(g) € fur(xzo) for almost every xo € R.

44



Our final example will be one of the simplest cases of Weierstrass’'s nowhere

differentiable function.

We will take W(z) = sin(27x)
and consider
W(x) = > 02,2 "W (2"x).

A similar but little more
complicated argument works

if one takes W(x) = cos(2nx).

The Nth partial sum is given
N

by Wi (z) = ) 27"W(2"z).

n=0

Thm.: Almost every g € R is a central graph like micro tangent point of

Weierstrass’s function, W(x).
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Set X7 ={x €[0,1] : liminfy_ e Wi (x) = —o0, limsupy_. Wyx(x) = +o0o}.

By earlier results liminfy_. Wi (x) = —oo and limsupy_. Wi (x) = +oo for
almost every =x.

For these z's infinitely often Wi (z) and Wy (x) are not of the same sign.
Since Wi ,(z) — Wi(x)| = [(27Vsin(272Vx))'| = |27 cos(2n2Nz)| < 27 for
every z € X3 there exist infinitely many N's such that |f)(z)| < 2.

Thm.: The set Sy, = {(x; f(x)) : © € X1} is an irregular 1-set, the set
Sreg = {(z; f(x)) : x € [0, 1]\ X1} can be covered by the union of the graphs

of countably many strictly monotone functions and by a set of zero H!-
measure.

Remark: If one wishes the above set of zero measure can be added to S
and this way we can obtain a modified S5;,. and 57, . Then the set 5, can

rr wrr

be covered by the union of the graphs of countably many strictly monotone
functions.
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