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Motivation

What is the underlying geometric
structure of an irregular set?

How does such a set behave under
projection onto a line?

Besicovitch linked unrectifiability and
projections for sets of finite length.

Main question:

Is it possible to characterize pure unrectifiability among finite measures in
terms of orthogonal projections?
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Notation

Given two integers n,m with 0 ď m ď n we denote

GpRn,mq the Grassmannian of all m-dimensional subspaces of Rn

γn,m the Haar measure on GpRn,mq

πV : Rn Ñ V the orthogonal projection onto V P GpRn,mq

Definition 1 (Rectifiability vs Pure Unectifiability)

A Borel set R Ă Rn is countably m-rectifiable iff R “
Ť8

i“1 fi pEi q

for some Ei Ă Rm bounded and fi : Ei Ñ Rn Lipschitz

A Borel set E Ă Rn is purely m-unrectifiable iff HmpE X Rq “ 0 for
every countably m-rectifiable set R Ă Rn
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Disintegration of measures

Let µ be a finite Borel measure on Rn and π : Rn Ñ Rm be a Borel map.
Define the (push-forward) measure πµ on Rm as

πµpBq :“ µpπ´1pBqq, for every Borel set B Ă Rm

Disintegration: There exists a (uniquely determined) family of probability
measures pµy qyPRm

µy pRnzπ´1pyqq “ 0, for πµ-a.e. y P Rm

µpBq “
ş

Rm µy pBq dpπµqpyq, for B Ă Rn Borel.

Definition 2

The measure µy is called conditional measure.
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Examples

Fubini’s theorem: π “ orthogonal projection into the first
m-coordinates of Rn, µ “ Ln ␣ r0, 1sn

µ “

ż

R
µy dpπµqpyq, µy “ Hn´m ␣

π´1pyq, πµ “ Hm ␣
r0, 1sm

Area formula: π “ πV orthogonal projection into the m-plane
V Ă Rn, µ “ JτmπHm ␣

R for a m-rectifiable set HmpRq ă 8

µ “

ż

V
µy dpπµqpyq, µy ! H0 ␣ pπ´1

V pyq X Rq, πµ ! Hm

In particular H0pR X π´1
V pyqq ă 8 for Hm-a.e. y P V

Remark: For the very last condition one only needs HmpRq ă 8.
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Besicovitch’s pivotal result

Besicovitch’s projection theorem states
that purely unrectifiable planar sets with
finite length have orthogonal projection
with zero length in almost every direction.

Theorem 3 (Besicovitch)

A set E Ă R2 with finite length H1pE q ă 8 is purely 1-unrectifiable iff

H1pπξpE qq “ 0, for almost every ξ P S1,

where πξ : R2 Ñ ξK is the orthogonal projection onto the orthogonal of ξ.
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Extension of Besicovitch’s result

Higher dimensions and codimensions:

First extension to any dimension and codimension [Federer (1947)]

Theorem 4 (Federer)

A set E Ă Rn with HmpE q ă 8 is purely m-unrectifiable iff

HmpπV pE qq “ 0, for almost every V P GpRn,mq,

Key facts:

HmpE q ă 8 implies H0pE XW q ă 8 for almost every affine
pn ´mq-plane W Ă Rn (finite slicing condition)

HmpE q “ 0 implies Hmpf pE qq “ 0 whenever f is Lipschitz.
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Extension of Besicovitch’s result

Alternative proof of Federer’s result

By induction on the dimension, assuming the validity of Besicovitch’s
result [White (1998)]

Quantified version (David-Semmes): Assume E Ă R2 is Ahlfors regular

H1pπξpE qq ě δH1pE q, for a set of directions ξ of measure δ ą 0. (1)

Is E uniformly rectifiable?

Yes, via the notion of big pieces of Lipschitz graphs, provided one
assumes a stronger multi-scale version of (1) [Orponen (2021)]

Yes, under the single scale assumption (1) [Dabrowski (2024)]
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Transversality and metric spaces

Besicovitch-Federer’s holds true by replacing ortoghonal projections
with transversal families of maps (Riemann surfaces, Horizontal
projections in Heisenberg groups, Bernoulli’s convolution etc...)
[Hovila et al. (2011), Hovila (2012), Peres-Schlag (2000)]

Besicovitch-Federer’s is generally false in a metric setting: every
separable Banach space X admits a purely unrectifiable set E with
H1pE q ă 8, such that H1pπpE qq ą 0 for every π P X ˚zt0u
[Bate-Csörney-Wilson (2017), De Pauw (2017)]

If E is a purely n-unrectifiable set of a complete metric space X and
HnpE q ă 8, then the set of all 1-Lipschitz maps f : X Ñ Rn such
that Hnpf pE qq “ 0 is residual in the uniform topology [Bate (2020)]
[see also Pugh (2016)]

Emanuele Tasso (TU Wien) Hangzhou, 01.02.2026 10 / 29



Transversality and metric spaces

Besicovitch-Federer’s holds true by replacing ortoghonal projections
with transversal families of maps (Riemann surfaces, Horizontal
projections in Heisenberg groups, Bernoulli’s convolution etc...)
[Hovila et al. (2011), Hovila (2012), Peres-Schlag (2000)]

Besicovitch-Federer’s is generally false in a metric setting: every
separable Banach space X admits a purely unrectifiable set E with
H1pE q ă 8, such that H1pπpE qq ą 0 for every π P X ˚zt0u
[Bate-Csörney-Wilson (2017), De Pauw (2017)]

If E is a purely n-unrectifiable set of a complete metric space X and
HnpE q ă 8, then the set of all 1-Lipschitz maps f : X Ñ Rn such
that Hnpf pE qq “ 0 is residual in the uniform topology [Bate (2020)]
[see also Pugh (2016)]

Emanuele Tasso (TU Wien) Hangzhou, 01.02.2026 10 / 29



Transversality and metric spaces

Besicovitch-Federer’s holds true by replacing ortoghonal projections
with transversal families of maps (Riemann surfaces, Horizontal
projections in Heisenberg groups, Bernoulli’s convolution etc...)
[Hovila et al. (2011), Hovila (2012), Peres-Schlag (2000)]

Besicovitch-Federer’s is generally false in a metric setting: every
separable Banach space X admits a purely unrectifiable set E with
H1pE q ă 8, such that H1pπpE qq ą 0 for every π P X ˚zt0u
[Bate-Csörney-Wilson (2017), De Pauw (2017)]

If E is a purely n-unrectifiable set of a complete metric space X and
HnpE q ă 8, then the set of all 1-Lipschitz maps f : X Ñ Rn such
that Hnpf pE qq “ 0 is residual in the uniform topology [Bate (2020)]
[see also Pugh (2016)]

Emanuele Tasso (TU Wien) Hangzhou, 01.02.2026 10 / 29



The integral geometric measure

The m-dimensional integral geometric measure Im of a Borel set E Ă Rn

ImpE q “

ż

GpRn,mq

ˆ
ż

V
H0pE X π´1

V pyqq dHmpyq

˙

dγn,mpV q.

Theorem 5 (T. (2022))

A set E Ă Rn with ImpE q ă 8 is purely m-unrectifiable iff

πV pIm ␣
E qKHm, for almost every m-plane V .

Observation:

There exists a purely 1-unrectifiable set E Ă R2 with 0 ă I1pE q ă 8
[Mattila (1987)]

For f Lipschitz, ImpE q “ 0œ Impf pE qq “ 0 [Mattila (1986)]
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The relevant class of measures

Let µ be a finite (Borel) measure in Rn and consider the disintegration

µ “ µV ,y b πVµ, µV ,y pRnzπ´1
V pyqq “ 0, πV : Rn Ñ V .

We assume the following m-dimensional atomic slicing condition

γn,m
`

Σ :“ tV | µV ,y is atomic for Hm-a.e. y P V u
˘

ą 0.

Observation: Decompose πVµ “ pπVµq
a ‘ pπVµq

s . Our assumption
places no restriction on µV ,y over the support of pπVµq

s ; the atomicity
condition only provides information on fibers above pπVµq

a.

Main Goal: Besicovitch-Federer-type result for this class
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Main result

Theorem 6 (T. (2025))

Let µ be a finite Borel measure on Rn which satisfies the m-dimensional
atomic slicing condition. Then, for γn,m-a.e. V P Σ,

πVµ K Hm and πV : Rn Ñ V is injective on a set of full µ-measure

if and only if µ is concentrated on a purely m-unrectifiable set.

Intuitively, such measures are graphical with respect to V , via

fV : BV Ă V Ñ VK, HmpBV q “ 0.

The injectivity of the projection is also new at the level of Hausdorff
measure.
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Rectifiability via slicing

Corollary 7 (Rectifiability via slicing)

Let µ be a finite Borel measure on Rn which satisfies the m-dimensional
atomic slicing condition. If πVµ ! Hm for V P Σ, then µ is m-rectifiable.

The same result holds whenever µ is the mass measure of a flat
m-chain in Rn just by assuming the m-dimensional atomic slicing
condition for every coordinate m-plane V . [White (1999)]
[Ambrosio-Kircheim (2000)]

This result is particularly interesting as it allows one to deduce
rectifiability without invoking the flat chain machinery, in particular in
the absence of Jerrard’s BV estimate for the slicing operator.
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Difficulties in the proof of the main result

Absence of a supporting set E with good slicing properties.

Even if one could construct a set E whose typical slice E X π´1
V pyq

contains all atoms of µV ,y , the purely atomic nature of µV ,y prevents
one from deducing finite slicing.

As a consequence, Besicovitch’s three key alternatives are not
applicable in this setting, and Federer’s classical argument breaks
down.

Question (Mattila): Is the finite slicing condition genuinely
necessary?

Do there exist dimensional estimates on µ?

dimHpµq “ inf
␣

dimHpE q | E Ă Rn Borel with full µ-measure
(
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Injective projections

Whitney embedding theorem
Let M be a submanifold of Rn with dimension 2dimpMq ă m. A generic
C r -transformation (r ě 1) from M to Rm is an injective immersion.

Mañé projection theorem
Let K be a compact subset of Rn with upper box-counting dimension
2dimBK ă m. The projection of K into V is injective for almost every
V Ă GpRn,mq. [Sauer-York (1997)]

Remark:

The bound 2dimBK ă m cannot be improved

dimB cannot be replaced by dimH (recall dimH ď dimB)
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Almost-surely injective projections

Proposition 7.1 (Barański-Gutman-Śpiewak (2020))

Let E Ă Rn be a Borel set with dimH E ă m, and let µ be a probability
measure on E. Then, the projection of E into V is injective on a set of full
µ-measure, for almost every V P GpRn,mq.
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measure on E. Then, the projection of E into V is injective on a set of full
µ-measure, for almost every V P GpRn,mq.

Observation: In the border case dimHpE q “ m different type of behaviors
may occur:

The projection of a segment in R2 is injective into (almost) every line
ℓ P GpR2, 1q

The projection of a circle S Ă R2 is not injective on a set of full
H1 ␣S-measure for every line ℓ P GpR2, 1q
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Characterization via injectivity of projections

Theorem 8 (T. (2025))

Let µ be a finite measure in Rn satisfying

πVµKHm, for almost every V P GpRn,mq.

Then πV : Rn Ñ V is injective on a set of full µ-measure for almost every
V P GpRn,mq.

Remarks:

The above result strictly includes the previous one.

This result is related to an old open problem, posed by Marstrand
(1954), concerning the radial projection of purely unrectifiable sets
with finite Hausdorff measure.
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Proof idea

Codimension 1 case: Disintegrate with respect to πz : Rnztzu Ñ Sn´1

πz “
x´z

|x´z|
, and use the fact that every finite measure η on Sn´1 satisfies:

Θ˚n´1pη, ξq ă 8, for Hn´1-a.e. ξ P Sn´1.

Indeed, if y “ πξpzq “ πξpz
1q and z ‰ z 1 belong to the support of µξK,y

πξµ
`

Bn´1
s|z´z 1|

pyq
˘

À µ
`

X`pz , ξ, sq
˘

` µ
`

X´pz 1, ξ, sq
˘

» πzµpBspξqq ` πz 1µpBsp´ξqq

» sn´1, for small s P p0, 1q

But this could happen only on a πξµ-negligible set of y , since πξµKHn´1.
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Existence of a rectifiable piece

Let us compactly denote by A m the class of finite Borel measures on Rn

satisfying the m-dimensional atomic slicing condition and

pπVµq
a ‰ 0, for a set of m-plane V of positive measure.

Theorem 9 (T. (2025))

Every µ P A m contains a non-trivial m-rectifiable measure.

Proof of the characterization of pure unrectifiability: If µ
concentrates on a purely m-unrectifiable set, assume by contradiction:

µ fails singular m-projection, or

µ fails injective m-projection.

Since in either case µ P A m, the previous theorem gives a contradiction.
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The key dichotomy

Strategy: Replace the three key alternatives: for a.e. pV , xq it holds

1 lim supsÑ0` sup0ărăδ
µpEXX px ,V ,s,rqq

psrqm
“ 0, for some δ ą 0, or

2 lim supsÑ0` sup0ărăδ
µpEXX px ,V ,s,rqq

psrqm
“ 8, for every δ ą 0, or

3 Eztxu X π´1
V pπV pxqq X Bδpxq ‰ ∅ for every δ ą 0,

with the following two: for a.e. pV , xq it holds

1 limδÑ0` lim supsÑ0` sup0ărăδ
µpX px ,V ,s,rq

psrqm
“ 0, or

2 lim supsÑ0` sup0ărăδ
µpX px ,V ,s,rq

psrqm
“ 8, for every δ ą 0,
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Controlling the conical maximal function

Codimension one, assuming µ with finite conical Riesz potential.
Let ξ0 P Sn´1 and s0 P p0, 1q. Define the measure η in X px , ξK

0 , s0q as

ηpBq :“

ż

B

dµpzq

|x ´ z |n´1
, for every Borel set B Ă X px , ξK

0 , s0q.
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ηpBq :“

ż

B

dµpzq

|x ´ z |n´1
, for every Borel set B Ă X px , ξK

0 , s0q.

For X px , ξK, sq Ă X px , ξK
0 , s0q it holds

sup
0ărăδ

psrq1´nµpX px , ξK, s, rqq ď s1´n

ż

X px ,ξK,s,δq

dµpzq

|z ´ x |n´1
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psrq1´nµpX px , ξK, s, rqq ď s1´nηpX px , ξK, s, δqq
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␣
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` s1´nπxpη
␣
BδpxqqpBsp´ξqq
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0 , s0q as

ηpBq :“

ż

B

dµpzq

|x ´ z |n´1
, for every Borel set B Ă X px , ξK

0 , s0q.

For X px , ξK, sq Ă X px , ξK
0 , s0q it holds

sup
0ărăδ

psrq1´nµpX px , ξK, s, rqq À s1´nπxpη
␣
BδpxqqpBspξqq

` s1´nπxpη
␣
BδpxqqpBsp´ξqq

Warning: Finite conical Riesz potential forces higher integrability of the
projected measures πξµ [Chang-Tolsa (2019)].
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Proof steps assuming the Lemma

Argument structure using the two alternatives:

The assumption pπVµq
a ‰ 0 implies that (2) cannot hold

pµb γn,mq-almost everywhere in Rn ˆGpRn,mq.

There exists V and a µ-positive set EV Ă Rn for which (1) holds and
πV pµ

␣
EV q ! Hm, HmpπV pEV qq ą 0

The atomicity assumption allows us to measurably select a function
f : V Ñ R such that µpgraphpf q X EV q ą 0

Condition (1) can be used to infer that, if graphpf q is purely
m-unrectifiable, then µpgraphpf q X EV q “ 0.

Conclusion: µ
␣
pgraphpf q X EV q is a m-rectifiable measure.
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Outlook and Future Directions

Beyond Euclidean Spaces

The characterization of purely unrectifiable sets extends to any locally
compact metric space pX , dq, where orthogonal projections are
replaced by a suitable transversal family of maps.

Future Directions

Marstrand’s conjecture on radial projections of purely unrectifiable
sets with finite Hausdorff measure.

Using rectifiability via slicing to study closure and compactness
properties in the class of rectifiable currents.
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Thank you for your attention!
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