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@ What is the underlying geometric
structure of an irregular set?

@ How does such a set behave under
projection onto a line?

@ Besicovitch linked unrectifiability and
projections for sets of finite length.
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projection onto a line?

@ Besicovitch linked unrectifiability and
projections for sets of finite length.

Main question:

Is it possible to characterize pure unrectifiability among finite measures in
terms of orthogonal projections?
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Given two integers n, m with 0 < m < n we denote
e G(R", m) the Grassmannian of all m-dimensional subspaces of R”
® Y m the Haar measure on G(R", m)

e my: R" — V the orthogonal projection onto V € G(R", m)

Definition 1 (Rectifiability vs Pure Unectifiability)

o A Borel set R = R" is countably m-rectifiable iff R = | J72; fi(E;)
for some E; c R™ bounded and f;: E; — R" Lipschitz

@ A Borel set E  R" is purely m-unrectifiable iff H™(E n R) = 0 for
every countably m-rectifiable set R < R”
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Disintegration of measures

Let i be a finite Borel measure on R” and 7: R” — R be a Borel map.
Define the (push-forward) measure mp on R™ as

mu(B) := u(x~1(B)), for every Borel set B = R™

Disintegration: There exists a (uniquely determined) family of probability
measures (fiy)yerm

o uy(R"\7Y(y)) =0, formu-ae yeR™

o /i(B) = Sgm ity(B) d(mp)(y), for B < R" Borel.

Definition 2
The measure 1, is called conditional measure.
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@ Fubini’'s theorem: 7 = orthogonal projection into the first
m-coordinates of R”, = L£"L [0, 1]"

p= fR py d(mp)(y), py =H""La y), wp=H"L[0,1]"
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@ Fubini’'s theorem: 7 = orthogonal projection into the first
m-coordinates of R”, = L£"L [0, 1]"

p= fR py d(mp)(y), py =H""La y), wp=H"L[0,1]"

@ Area formula: ™ = 7y orthogonal projection into the m-plane
VcR" p=JlnH™L R for a m-rectifiable set H™(R) < o0

= fv py d(mp)(y),  py < HOL(mH(y) A R),  mp < H™
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@ Fubini’'s theorem: 7 = orthogonal projection into the first
m-coordinates of R”, = L£"L [0, 1]"

p= fR py d(mp)(y), py =H""La y), wp=H"L[0,1]"

@ Area formula: ™ = 7y orthogonal projection into the m-plane
VcR" p=JlnH™L R for a m-rectifiable set H™(R) < o0

= fv py d(mp)(y),  py < HOL(mH(y) A R),  mp < H™

In particular HO(R n 7, (y)) < oo for H™-ae. y € V

Remark: For the very last condition one only needs H™(R) < 0.
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Besicovitch's pivotal result

Besicovitch’s projection theorem states
that purely unrectifiable planar sets with
finite length have orthogonal projection
with zero length in almost every direction.
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Besicovitch's pivotal result

Besicovitch’s projection theorem states
that purely unrectifiable planar sets with
finite length have orthogonal projection
with zero length in almost every direction.

Theorem 3 (Besicovitch)
A set E c R? with finite length H'(E) < oo is purely 1-unrectifiable iff

H(me(E)) =0, for almost every € € St,

where ¢ : R? — &1 s the orthogonal projection onto the orthogonal of €.
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Extension of Besicovitch's result

Higher dimensions and codimensions:

o First extension to any dimension and codimension [Federer (1947)]

Theorem 4 (Federer)

A set E < R" with H™(E) < oo is purely m-unrectifiable iff

H"(my(E)) =0, for almost every V € G(R", m),
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Extension of Besicovitch's result

Higher dimensions and codimensions:

o First extension to any dimension and codimension [Federer (1947)]

Theorem 4 (Federer)
A set E < R" with H™(E) < oo is purely m-unrectifiable iff

H"(my(E)) =0, for almost every V € G(R", m),

Key facts:

o H™(E) < oo implies H°(E n W) < oo for almost every affine
(n — m)-plane W < R” (finite slicing condition)
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Extension of Besicovitch's result

Higher dimensions and codimensions:

o First extension to any dimension and codimension [Federer (1947)]

Theorem 4 (Federer)
A set E < R" with H™(E) < oo is purely m-unrectifiable iff

H"(my(E)) =0, for almost every V € G(R", m),

Key facts:

o H™(E) < oo implies H°(E n W) < oo for almost every affine
(n — m)-plane W < R” (finite slicing condition)

@ H™(E) = 0 implies H™(f(E)) = 0 whenever f is Lipschitz.
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Extension of Besicovitch's result

Alternative proof of Federer’s result

@ By induction on the dimension, assuming the validity of Besicovitch's
result [White (1998)]
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Extension of Besicovitch's result

Alternative proof of Federer’s result

@ By induction on the dimension, assuming the validity of Besicovitch's
result [White (1998)]

Quantified version (David-Semmes): Assume E < R? is Ahlfors regular

H (e (E)) = 6H'(E), for a set of directions & of measure § > 0. (1)

Is E uniformly rectifiable?
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Extension of Besicovitch's result

Alternative proof of Federer’s result

@ By induction on the dimension, assuming the validity of Besicovitch's
result [White (1998)]

Quantified version (David-Semmes): Assume E < R? is Ahlfors regular

H (e (E)) = 6H'(E), for a set of directions & of measure § > 0. (1)

Is E uniformly rectifiable?

@ Yes, via the notion of big pieces of Lipschitz graphs, provided one
assumes a stronger multi-scale version of (1) [Orponen (2021)]

@ Yes, under the single scale assumption (1) [Dabrowski (2024)]
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Transversality and metric spaces

@ Besicovitch-Federer's holds true by replacing ortoghonal projections
with transversal families of maps (Riemann surfaces, Horizontal
projections in Heisenberg groups, Bernoulli's convolution etc...)
[Hovila et al. (2011), Hovila (2012), Peres-Schlag (2000)]
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Transversality and metric spaces

@ Besicovitch-Federer's holds true by replacing ortoghonal projections
with transversal families of maps (Riemann surfaces, Horizontal
projections in Heisenberg groups, Bernoulli's convolution etc...)
[Hovila et al. (2011), Hovila (2012), Peres-Schlag (2000)]

@ Besicovitch-Federer's is generally false in a metric setting: every
separable Banach space X admits a purely unrectifiable set E with
H(E) < oo, such that HY(w(E)) > 0 for every m e X*\{0}
[Bate-Csorney-Wilson (2017), De Pauw (2017)]
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Transversality and metric spaces

@ Besicovitch-Federer's holds true by replacing ortoghonal projections
with transversal families of maps (Riemann surfaces, Horizontal
projections in Heisenberg groups, Bernoulli's convolution etc...)
[Hovila et al. (2011), Hovila (2012), Peres-Schlag (2000)]

@ Besicovitch-Federer's is generally false in a metric setting: every
separable Banach space X admits a purely unrectifiable set E with
H(E) < oo, such that HY(w(E)) > 0 for every m e X*\{0}
[Bate-Csorney-Wilson (2017), De Pauw (2017)]

o If E is a purely n-unrectifiable set of a complete metric space X and
H"(E) < o, then the set of all 1-Lipschitz maps f: X — R” such
that H"(f(E)) = 0 is residual in the uniform topology [Bate (2020)]
[see also Pugh (2016)]
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The integral geometric measure

The m-dimensional integral geometric measure Z™ of a Borel set E < R”

e = [ (f,HE T ) aH ) ) V).
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The integral geometric measure

The m-dimensional integral geometric measure Z™ of a Borel set E < R”

e = [ (f,HE T ) aH ) ) V).

Theorem 5 (T. (2022))

A set E c R" with I™(E) < o0 is purely m-unrectifiable iff

mv(Z"LE) LH™, for almost every m-plane V.
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The integral geometric measure

The m-dimensional integral geometric measure Z™ of a Borel set E < R”

e = [ (f,HE T ) aH ) ) V).

Theorem 5 (T. (2022))

A set E c R" with I™(E) < o0 is purely m-unrectifiable iff

mv(Z"LE) LH™, for almost every m-plane V.

Observation:

o There exists a purely 1-unrectifiable set £ = R? with 0 < Z1(E) < oo
[Mattila (1987)]
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The integral geometric measure

The m-dimensional integral geometric measure Z™ of a Borel set E < R”

e = [ (f,HE T ) aH ) ) V).

Theorem 5 (T. (2022))

A set E c R" with I™(E) < o0 is purely m-unrectifiable iff

mv(Z"LE) LH™, for almost every m-plane V.

Observation:

o There exists a purely 1-unrectifiable set £ = R? with 0 < Z1(E) < oo
[Mattila (1987)]

e For f Lipschitz, Z™(E) = 0 = Z™(f(E)) = 0 [Mattila (1986)]
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© Main result
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The relevant class of measures

Let 1 be a finite (Borel) measure in R” and consider the disintegration

p=pvy®mviu,  pvy(RN\T () =0,  wyiR" - V.

We assume the following m-dimensional atomic slicing condition

Ynm(Z :={V | pv,y is atomic for H™-a.e. y € V}) > 0.

Observation: Decompose myp = (myp)? @ (myp)®. Our assumption
places no restriction on fy,, over the support of (myu)®; the atomicity
condition only provides information on fibers above (m/1)?.

[ Main Goal: Besicovitch-Federer-type result for this class ]
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Main result

Theorem 6 (T. (2025))

Let p be a finite Borel measure on R" which satisfies the m-dimensional
atomic slicing condition. Then, for v, m-a.e. V € ¥,

mypw LH™ and my: R" — V is injective on a set of full yu-measure

if and only if 14 is concentrated on a purely m-unrectifiable set.
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Main result

Theorem 6 (T. (2025))

Let p be a finite Borel measure on R" which satisfies the m-dimensional
atomic slicing condition. Then, for v, m-a.e. V € ¥,

mypw LH™ and my: R" — V is injective on a set of full yu-measure

if and only if 14 is concentrated on a purely m-unrectifiable set.

@ Intuitively, such measures are graphical with respect to V/, via
fy:Byc V-V  H™(By)=0.

@ The injectivity of the projection is also new at the level of Hausdorff
measure.
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Rectifiability via slicing

Corollary 7 (Rectifiability via slicing)

Let p be a finite Borel measure on R" which satisfies the m-dimensional
atomic slicing condition. If myu <« H™ for V € ¥, then p is m-rectifiable.
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Rectifiability via slicing

Corollary 7 (Rectifiability via slicing)

Let p be a finite Borel measure on R" which satisfies the m-dimensional
atomic slicing condition. If myu <« H™ for V € ¥, then p is m-rectifiable.

@ The same result holds whenever i is the mass measure of a flat
m-chain in R” just by assuming the m-dimensional atomic slicing
condition for every coordinate m-plane V. [White (1999)]
[Ambrosio-Kircheim (2000)]

@ This result is particularly interesting as it allows one to deduce

rectifiability without invoking the flat chain machinery, in particular in
the absence of Jerrard’s BV estimate for the slicing operator.
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Difficulties in the proof of the main result
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Difficulties in the proof of the main result

@ Absence of a supporting set E with good slicing properties.
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Difficulties in the proof of the main result

@ Absence of a supporting set E with good slicing properties.

o Even if one could construct a set E whose typical slice E n 7' (y)
contains all atoms of py ,, the purely atomic nature of 11y, prevents
one from deducing finite slicing.

As a consequence, Besicovitch's three key alternatives are not
applicable in this setting, and Federer’s classical argument breaks
down.

Question (Mattila): Is the finite slicing condition genuinely
necessary?
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Difficulties in the proof of the main result

@ Absence of a supporting set E with good slicing properties.

o Even if one could construct a set E whose typical slice E n 7' (y)
contains all atoms of py ,, the purely atomic nature of 11y, prevents
one from deducing finite slicing.

As a consequence, Besicovitch's three key alternatives are not
applicable in this setting, and Federer’s classical argument breaks
down.

Question (Mattila): Is the finite slicing condition genuinely
necessary?

@ Do there exist dimensional estimates on u?

dimy (1) = inf{dimy(E) | E < R" Borel with full y-measure}
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© The (probabilistic) injective projection property
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Injective projections

Whitney embedding theorem

Let M be a submanifold of R" with dimension 2dim(M) < m. A generic
C’-transformation (r = 1) from M to R™ is an injective immersion.
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Injective projections

Whitney embedding theorem
Let M be a submanifold of R" with dimension 2dim(M) < m. A generic
C’-transformation (r = 1) from M to R™ is an injective immersion.

Maié projection theorem
Let K be a compact subset of R” with upper box-counting dimension

2dimgK < m. The projection of K into V is injective for almost every
V < G(R", m). [Sauer-York (1997)]
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Injective projections

Whitney embedding theorem

Let M be a submanifold of R" with dimension 2dim(M) < m. A generic
C’-transformation (r = 1) from M to R™ is an injective immersion.

Maié projection theorem
Let K be a compact subset of R” with upper box-counting dimension

2dimgK < m. The projection of K into V is injective for almost every
V < G(R", m). [Sauer-York (1997)]

Remark:

@ The bound 2dimgK < m cannot be improved

e dimp cannot be replaced by dimy; (recall dimy < dimp)
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Almost-surely injective projections

Proposition 7.1 (Barariski-Gutman-Spiewak (2020))

Let E < R" be a Borel set with dimy E < m, and let . be a probability
measure on E. Then, the projection of E into V is injective on a set of full
p-measure, for almost every V € G(R", m).
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Almost-surely injective projections

Proposition 7.1 (Barariski-Gutman-Spiewak (2020))

Let E = R" be a Borel set with H™(E) = 0, and let . be a probability
measure on E. Then, the projection of E into V is injective on a set of full

p-measure, for almost every V € G(R", m).
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Almost-surely injective projections

Proposition 7.1 (Barariski-Gutman-Spiewak (2020))

Let E — R"” be a Borel set with H™(E) = 0, and let pu be a probability
measure on E. Then, the projection of E into V is injective on a set of full
p-measure, for almost every V € G(R", m).

Observation: In the border case dimy (E) = m different type of behaviors
may occur:

e The projection of a segment in R? is injective into (almost) every line
¢ e G(R2 1)

@ The projection of a circle S — R? is not injective on a set of full
H1L S-measure for every line £ € G(R?,1)

Emanuele Tasso (TU Wien) Hangzhou, 01.02.2026 19 /29



Characterization via injectivity of projections

Theorem 8 (T. (2025))

Let i be a finite measure in R" satisfying
mypu LH™,  for almost every V € G(R", m).

Then wy: R"” — V s injective on a set of full u-measure for almost every
Ve G(R", m).
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Characterization via injectivity of projections

Theorem 8 (T. (2025))

Let i be a finite measure in R" satisfying
mypu LH™,  for almost every V € G(R", m).

Then wy: R"” — V s injective on a set of full u-measure for almost every
Ve G(R", m).

Remarks:

@ The above result strictly includes the previous one.
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Characterization via injectivity of projections

Theorem 8 (T. (2025))

Let i be a finite measure in R" satisfying
mypu LH™,  for almost every V € G(R", m).

Then wy: R"” — V s injective on a set of full u-measure for almost every
Ve G(R", m).

Remarks:
@ The above result strictly includes the previous one.

@ This result is related to an old open problem, posed by Marstrand

(1954), concerning the radial projection of purely unrectifiable sets
with finite Hausdorff measure.
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Codimension 1 case: Disintegrate with respect to 7,: R™\{z} — S"~!

szl, and use the fact that every finite measure 1 on S"~! satisfies:

Tz = [x—z

0*" (&) < oo, for H" lae £eS"L.
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Codimension 1 case: Disintegrate with respect to 7,: R™\{z} — S"~!
T, = Ii%il and use the fact that every finite measure 7 on S"~! satisfies:

0*" (&) < oo, for H" lae £eS"L.

Indeed, if y = 7m¢(z) = me(2') and z # Z' belong to the support of e,
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Codimension 1 case: Disintegrate with respect to 7,: R™\{z} — S"~!
T, = Ii%il and use the fact that every finite measure 7 on S"~! satisfies:

0*" (&) < oo, for H" lae £eS"L.
Indeed, if y = m¢(z) = m¢(2') and z # 2’ belong to the support of pc1 ,

men (B (v) S p(XT(z,68)) + p(X(Z.€,9))

~ 2 pu(Bs(§)) + 7z p(Bs(=£))

~ s"1 for small se (0,1)

But this could happen only on a 7¢p-negligible set of y, since 7r,5,ul7-l”*1.
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@ Rectifiability from the Atomic Slicing Condition
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Existence of a rectifiable piece

Let us compactly denote by 7™ the class of finite Borel measures on R”
satisfying the m-dimensional atomic slicing condition and

(myp)? #0, for a set of m-plane V of positive measure.

Theorem 9 (T. (2025))
Every 1w € /™ contains a non-trivial m-rectifiable measure.
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Existence of a rectifiable piece

Let us compactly denote by 7™ the class of finite Borel measures on R”
satisfying the m-dimensional atomic slicing condition and

(myp)? #0, for a set of m-plane V of positive measure.

Theorem 9 (T. (2025))

Every 1w € /™ contains a non-trivial m-rectifiable measure.

Proof of the characterization of pure unrectifiability: If ;
concentrates on a purely m-unrectifiable set, assume by contradiction:

o  fails singular m-projection, or
o 4 fails injective m-projection.

Since in either case € &/™, the previous theorem gives a contradiction.

Emanuele Tasso (TU Wien) Hangzhou, 01.02.2026 23/29



The key dichotomy

Strategy: Replace the three key alternatives: for a.e. (V,x) it holds

@ limsup,_,g+ SUPg<,<5 % =0, forsomed >0, or
@ limsup,_, g+ SUpg_, 5 W = o0, for every § > 0, or

@ E\{x} n 7 (mv(x)) N Bs(x) # @ for every § > 0,
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The key dichotomy

Strategy: Replace the three key alternatives: for a.e. (V,x) it holds

@ limsup,_,g+ SUPg<,<5 w =0, forsomed >0, or
@ limsup,_, g+ SUpg_, 5 W = o0, for every § > 0, or

@ E\{x} n 7 (mv(x)) N Bs(x) # @ for every § > 0,

with the following two: for a.e. (V,x) it holds

; ; pX(x,Visr)
o ||m5%0+ lim SUPs_,0+ SUPQg<r<§ W = 0, or
. X(x,V
@ limsup._,o+ SUPg<r<s % = o0, for every § > 0,
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Controlling the conical maximal function

Codimension one, assuming p with finite conical Riesz potential.
Let & € S"~! and sp € (0,1). Define the measure 1 in X(x, &5, s0) as

d
n(B) := f _duz) for every Borel set B — X(x, &5, 50).
B

|x — z|n—1’
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Controlling the conical maximal function

Codimension one, assuming p with finite conical Riesz potential.
Let & € S"™ ! and sp € (0,1). Define the measure 1 in X(x, &5, so) as

n(B) := J _duz) for every Borel set B — X(x, &5, %0)-
B

|x — z|n—17

For X(x,&1,s) = X(x,&5, s0) it holds

sup (sr)l_nu(x(xagla& I’)) < Sl_nf dM(Z)
X

0<r<é (x,¢1,5,0) |Z - X|n_1
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Controlling the conical maximal function

Codimension one, assuming p with finite conical Riesz potential.
Let & € S"™ ! and sp € (0,1). Define the measure 1 in X(x, &5, so) as

d
n(B) := J Mi(zgil, for every Borel set B — X(x,fol,so).
B |x— 2|
For X(x,&+,s) = X(x,&5, s0) it holds

0<r<é
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Controlling the conical maximal function

Codimension one, assuming p with finite conical Riesz potential.
Let & € S"! and sp € (0,1). Define the measure 1 in X(x, &5, so) as

)= [

=z’ for every Borel set B — X(x, &5, o).

For X(x,&+,s) € X(x,&5, s0) it holds

sup (sr)'"u(X(x, €5,5,1)) < 81X (x, €5, 0))

X
0<r<é
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Controlling the conical maximal function

Codimension one, assuming p with finite conical Riesz potential.
Let & € S"™ ! and sp € (0,1). Define the measure 7 in X(x,foL,so) as

n(B) = L itz

Xz for every Borel set B < X(x, £, o).

For X(x,&+,s)  X(x,&5, s0) it holds

0<r<dé

sup (1)1 "u(X(x,€5,5,1)) < 57 "me(nl Bs(x))(Bs(£))

+ 517"71')((7][ Bg(X))(Bs(_§)>

Warning: Finite conical Riesz potential forces higher integrability of the
projected measures ¢ [Chang-Tolsa (2019)].
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Proof steps assuming the Lemma

Argument structure using the two alternatives:

@ The assumption (myp)? # 0 implies that (2) cannot hold
(1t ® Yn,m)-almost everywhere in R” x G(R", m).

@ There exists V and a p-positive set Eyy < R" for which (1) holds and
v (pl Ev) <« H™, H™(mv(Ev)) >0

@ The atomicity assumption allows us to measurably select a function
f: V — R such that p(graph(f) n Ey) >0

e Condition (1) can be used to infer that, if graph(f) is purely
m-unrectifiable, then p(graph(f) n Ey) = 0.

Conclusion: pl (graph(f) n Ey/) is a m-rectifiable measure.
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Outline
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Outlook and Future Directions

Beyond Euclidean Spaces

@ The characterization of purely unrectifiable sets extends to any locally
compact metric space (X, d), where orthogonal projections are
replaced by a suitable transversal family of maps.

Future Directions

@ Marstrand’s conjecture on radial projections of purely unrectifiable
sets with finite Hausdorff measure.

@ Using rectifiability via slicing to study closure and compactness
properties in the class of rectifiable currents.
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Thank you for your attention!
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