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Rectifiability and Ahlfors regularity

H"™ = n-dimensional Hausdorff measure.

o E C RY is n-rectifiable if it is H"-a.e. contained in a countable union
of C! (or Lipschitz) n-dimensional manifolds.
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Rectifiability and Ahlfors regularity

H"™ = n-dimensional Hausdorff measure.

o E C RY is n-rectifiable if it is H"-a.e. contained in a countable union
of C! (or Lipschitz) n-dimensional manifolds.

o A measure u in RY is n-Ahlfors regular if there exists C > 0 such that
for all x € suppp, 0 < r < diam(supp p),

Cr" < w(B(x,r)) < Cr".

E c RY is n-Ahlfors regular if H"|g is n-Ahlfors regular.
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Uniform rectifiability

w is uniformly n-rectifiable if it is n-Ahlfors regular and there are M, 6 > 0
such that for all x € supp i, 0 < r < diam(supp p), there exists a Lipschitz
map

g :R"D B,(0,r) — R™1 Lip(g) < M,

such that
1(B(x,r) N g(Bn(0,r))) > 6r".
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Uniform rectifiability

w is uniformly n-rectifiable if it is n-Ahlfors regular and there are M, 6 > 0
such that for all x € supp i, 0 < r < diam(supp p), there exists a Lipschitz

map
g :R" D B,(0,r) — R, Lip(g) < M,

such that
1(B(x,r) N g(Bn(0,r))) > 6r".

E is uniformly n-rectifiable if H"|g is uniformly n-rectifiable.

Uniform n-rectifiability is a quantitative version of n-rectifiability introduced
by David and Semmes.
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Densities and [3,,» coeficients

Given a ball B(x,r) and 0 < n < d, we denote

p(B(x, r))

rn

: 1/2
. 1 dist(y, L)\ ?
Sual.r) = inf (; o () du(y)> ,

where the infimum is taken over all n-planes L.

©u(B(x,r)) = Oulx,r) =

and
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Densities and [3,,» coeficients

Given a ball B(x,r) and 0 < n < d, we denote

p(B(x, r))

rn

: 1/2
. 1 dist(y, L)\ ?
Sual.r) = inf (; o () du(}f)) ,

where the infimum is taken over all n-planes L.

Ou(B(x;r)) = Oulx,r) =

and

©,(x, r) is a density coefficient.
Bu2(x, r) measures how close is ;. to be concentrated in some n-plane,
inside B(x, r).
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Densities and [3,,» coeficients

Given a ball B(x,r) and 0 < n < d, we denote

p(B(x, r))

rn

: 1/2
. 1 dist(y, L)\ ?
Sual.r) = inf (; o () du()f)) ,

where the infimum is taken over all n-planes L.

Ou(B(x;r)) = Oulx,r) =

and

©,(x, r) is a density coefficient.

Bu2(x, r) measures how close is ;. to be concentrated in some n-plane,
inside B(x, r).

David and Semmes characterized uniform rectifiability for Ahlfors regular
measures in terms of the 3,5's.
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Quantitative estimates in terms of 3,5's

Theorem (Azzam, Tolsa, 2015)

Let 1 be a Borel measure supported in a ball By such that
O©u(x,r) < CO,(By) forall x,r. Suppose that

2r(Bo)
/ / /BM72(X, r)2 ﬂdﬂ(x) < EGM(BO) ,U,(Bo)
ByJ/0 r

If & is small enough, then there exists a uniformly n-rectifiable set I such
that

1
mw(BoNT) = 0 1(Bo).

Remark that 4 < H" on T.
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Quantitative estimates in terms of 3,5's

Theorem (Azzam, Tolsa, 2015)

Let 1 be a Borel measure supported in a ball By such that
O©u(x,r) < CO,(By) forall x,r. Suppose that

2r(Bo) ) dr 5
L uatxr? 0,0 () < £©,(Bo) lBo).
o/ 0
If & is small enough, then there exists a uniformly n-rectifiable set I such
that

1
n(BoNT) = 0 1(Bo).

Remark that 4 < H" on T.
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Quantitative estimates in terms of 3,5's

Theorem (Azzam, Tolsa, 2015)

Let 1 be a Borel measure supported in a ball By such that
O©u(x,r) < CO,(By) forall x,r. Suppose that

2r(Bo)
/ / B2l )20, (x. 1) Ldu(x) < £ ©,(Bo)? u(Bo).
BoJ0 r

If € is small enough, then there exists a uniformly n-rectifiable set I such
that

1
wBoNT) = 15 1(Bo)-
Remark that 4 < H" on T.
Other related quantitative estimates by Edelen, Naber, and Valtorta (with

applications to FBP), and Léger in terms of Menger curvature of measures.
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The Riesz transform

Let 1 be a Borel measure in R"1.
The n-Riesz transform of 1 is

|. € )
RM(X) |\‘|| R M(X)
Where

X—=Yy
Rep(x :/ ———du(y).
: ( ) |[x—y|>e |X_Y|n+1 ( )
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The Riesz transform

Let 1 be a Borel measure in R"1.
The n-Riesz transform of 1 is

=i £ )
Ru(x) lim R ey

where

X—y
Rep(x :/ ——du(y).
: ( ) |x—y|>e |X_Y|n+1 ( )

We also set
Rap(x) = sup |Rep(x)]-
e>0
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The Riesz transform

Let 1 be a Borel measure in R"1.
The n-Riesz transform of 1 is

=i £ )
Ru(x) lim R ey

where
X—y
Rep(x) = /| x—y|™T du(y).

x—y|>e |X -
We also set
Rap(x) = sup |Rep(x)]-
e>0
For f € LL (1), we set

loc
Ruf(x) = R(Fp), Rucf(x)=Re(f ).

We say that R, is bounded in L2(y) if the R, .'s are bounded in L?(u)
uniformly on € > 0.
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Riesz transforms and rectifiability

Theorem (Nazarov, T., Volberg, 2014)

Let E C R™ with H"(E) < oo, and p = H"|g. If R, : L2(p) — L2(p) is
bounded, then E n-rectifiable.
If, additionally, E is n-Ahlfors regular, then E is uniformly n-rectifiable.

X. Tolsa (ICREA-UAB-CRM) Rectifiability and Riesz transforms February 2026 7/22



Riesz transforms and rectifiability

Theorem (Nazarov, T., Volberg, 2014)

Let E C R™ with H"(E) < oo, and p = H"|g. If R, : L2(p) — L2(p) is
bounded, then E n-rectifiable.

If, additionally, E is n-Ahlfors regular, then E is uniformly n-rectifiable.

@ Case n =1 by David and Léger, and Mattila, Melnikov, Verdera, using
curvature.

o Applications to the removability of singularities for Lipschitz harmonic
functions and to harmonic measure.

@ Open for Riesz transforms of homogeneity —m if 1 < m < n.
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Harmonic measure

Q c R™1 open.
For p € Q, wP is the harmonic measure in Q with pole in p.
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Harmonic measure

Q c R™1 open.
For p € Q, wP is the harmonic measure in Q with pole in p.
That is, for E C 99, wP(E) is the value at p of the harmonic extension of

XE to Q.
We may write w in place of wP is p is not relevant.
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Harmonic measure

Q c R™1 open.

For p € Q, wP is the harmonic measure in Q with pole in p.

That is, for E C 99, wP(E) is the value at p of the harmonic extension of
XE to Q.

We may write w in place of wP is p is not relevant.

Questions about the metric properties of harmonic measure:
When H" = wP?

Which is the connection with rectifiability?

Dimension of harmonic measure?
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Connection between harmonic measure and Riesz transform
Let £(x) the fundamental solution of the -Laplacian in R™+1:

£() = cp —

"
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Connection between harmonic measure and Riesz transform
Let £(x) the fundamental solution of the -Laplacian in R™+1:

£(x) = ey ——

n |X|n—1'

The kernel of the Riesz transform is K(x) = = cVE(x).

|X‘"+1
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Connection between harmonic measure and Riesz transform
Let £(x) the fundamental solution of the -Laplacian in R™+1:

£(x) = ey ——

n |X|n—1 :

The kernel of the Riesz transform is K(x) = = cVE(x).

The Green function G(-,-) of Q is

|X‘"+1

Glxip) = £(x—p) — [ £lx=y)d?().
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Connection between harmonic measure and Riesz transform

Let £(x) the fundamental solution of the -Laplacian in R™+1:
1
g(X) = Cp W

The kernel of the Riesz transform is K(x) = = cVE(x).

The Green function G(-,-) of Q is

|X‘"+1

Glxip) = £(x—p) — [ £lx=y)d?().
Therefore, for x € Q:

cVxG(x,p) = K(x — p) —/K(X—Y) dwP(y)
= K(x — p) — RwP(x).
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Doubling and P-doubling balls

We say that a ball B is doubling (for p) if

u(2B) < Cu(B).

Equivalently,
©,(2B) < C'©,(B).
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Doubling and P-doubling balls

We say that a ball B is doubling (for p) if
4(2B) < Cu(B).

Equivalently,
©,(2B) < C'©,(B).

We say that B is P-doubling if
Pu.(B) < CO.u(B),
where

=> 27%0,(2"B).

k>1
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Riesz transforms and (3,,2's

B
Man(x) = sup LB 50,
r>0 r r>0

Denote

and
0,"(x) = limsup©,,(x, r).

r—0
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Riesz transforms and (3,,2's

B
Man(x) = sup LB 50,
r>0 r r>0

Denote

and
0,"(x) = limsup©,,(x, r).

r—0

Theorem (Dabrowski, T., 2023)

Let j1 be a measure in R™ such that M,(x3g,1t), R«(X38,1t) € L2(11]28,)-
Let By C R™1! be a P-doubling ball. Then,

r(Bo) d
/BO/O Ba,u(x, f)2 O©.(x, r)Trdu(x)

< / [Rit = mag, (Rp) i+ ©,(Bo) (o) + / ACRTO!
0 0
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Riesz transforms and (3,2's (2)

Recall: If M,(x38,/t); R+(x38o1) € L*(1]25,) and By € R™ 1 is
P-doubling, then

r(Bo) d
/BO/O Ba,u(x, f)2 O.(x, r)Trdu(x)

< / [Ri— g (Rp) i+ ©, (B (o) + / O d().
0 0
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Riesz transforms and (3,2's (2)

Recall: If M,(x38,/t); R+(x38o1) € L*(1]25,) and By € R™ 1 is
P-doubling, then

r(Bo) d
/BO/O Ba,u(x, f)2 O.(x, r)Trdu(x)

< / [Ri— masy (Ri) -+ ©,(Bo)* n(Bo) + | 01" (2 )
0 0

This has applications to the Painlevé problem for Lipschitz harmonic
functions.

Question: Can we eliminate the term ©,,(Bo)? 11(Bo)?
Motivation: Harmonic measure. Reflectionless measures
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Reflectionless measures
Let i be a measure in R™1 such that u(B(x, r)) < Cr" for all x, r and

Ry i L2(p) — L?(p) is bounded. We say that i is reflectionless if Ry is
constant on supp(u). Equivalently, Ry = 0 in BMO(1) sense.
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Reflectionless measures

Let i be a measure in R™1 such that u(B(x, r)) < Cr" for all x, r and
Ry i L2(p) — L?(p) is bounded. We say that i is reflectionless if Ry is
constant on supp(u). Equivalently, Ry = 0 in BMO(1) sense.

Open problem: If y is reflectionless, is then = ¢ H"|., for some
hyperplane L?
True for n =1 (Jaye, Nazarov).
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Reflectionless measures

Let i be a measure in R™1 such that u(B(x, r)) < Cr" for all x, r and
Ry i L2(p) — L?(p) is bounded. We say that i is reflectionless if Ry is
constant on supp(u). Equivalently, Ry = 0 in BMO(1) sense.

Open problem: If y is reflectionless, is then = ¢ H"|., for some
hyperplane L?
True for n =1 (Jaye, Nazarov).

Suppose that, for any P-doubling ball By,

r(Bo) ) dr )
L[ ot 2040 ) L) S [ (Rit— magy (R} o
By /0 r 2By
This implies that if 4 is reflectionless, then = ¢ H"|;, for some
hyperplane L.
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Riesz transforms and (3,2's (3)

Theorem (T.)

Let yu be a Radon measure in R™ such that Mau, Ry € L3 (1)
Let By C R™1 be a P-doubling ball such that there exists another ball B;
centered in By such that, for some o > 0 and § = §(«) > 0,

eu(Bl) Z a@u(Bo), r(Bl) S (5(&) r(Bo).
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Riesz transforms and (3,2's (3)
Theorem (T.)
Let 1 be a Radon measure in R such that My, R.u € L2 (1).

loc

Let By C R™1 be a P-doubling ball such that there exists another ball B;
centered in By such that, for some o > 0 and § = 6(a)) > 0,

eu(Bl) Z a@u(Bo), r(Bl) S (S(Cl) r(Bo).

If §(«) is small enough, then

0,(Bo)?u(Bo) < /

R~ mag, (R di-+ [ 67 dx).
250 250
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Riesz transforms and (3,2's (3)

Theorem (T.)

Let ;1 be a Radon measure in R" such that Mup, R.p € L2 ().
Let By C R™1 be a P-doubling ball such that there exists another ball B;
centered in By such that, for some o > 0 and § = §(«) > 0,

eu(Bl) Z a@u(Bo), r(Bl) S (S(Cl) r(Bo).

If §(«) is small enough, then
r(Bo) dr
/ / /827H(X7 I’)2 @u(X, I’)—du(x)
Bo 0 r

< / Rt — magg u(Rys)| dpi + / 07 (x)? du(x),
250 2BO

with implicit constant depending on r(B1)/r(Bp).
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Remarks

o The assumption that 32 ,(Bo) < do ©,,(Bo)*/? implies the existence of
By such that

0.(B1) > a©,(By),  r(By) < 6(a) r(Bo).
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Remarks

o The assumption that 32 ,(Bo) < do ©,,(Bo)*/? implies the existence of
By such that

0u(B1) > a0,(By).  r(By) < 6(a) r(Bo).

o In the case 6,;"(x) = 0 p-a.e., then we get

r(Bo) ) dr )
[ bt 0ux ) L au) 5 [ (Rismas (R i
By 0 r 2By
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Remarks
o The assumption that 32 ,(Bo) < do ©,,(Bo)*/? implies the existence of
Bj such that
0u(B1) > a®u(Bo).  r(Br) < 6(a) r(Bo).

o In the case 6,;"(x) = 0 p-a.e., then we get

r(Bo) ) dr )
[ bt 0ux ) L au) 5 [ (Rismas (R i
By 0 r 2By

Hence, if ©,(x,r) < CO,(By) for all x,r, and for some 0 < ¢ < 1,
[ (Rito) = (RO di(x) < =©,(Bo (B,
0
then there exists a uniformly n-rectifiable set I C By such that

. 11(Bo).

B Nn>_—
u(BoN )_10

Contradiction!

X. Tolsa (ICREA-UAB-CRM) Rectifiability and Riesz transforms February 2026 15 /22



A more quantitative rectifiability criterion

Theorem (T.)

Let ;1 be a Radon measure on R"1 and By € R"t! a P-doubling ball such
that:

(a) ©u(x,r) < CO,(By) forall x € By, 0 < r < 4r(By).
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A more quantitative rectifiability criterion

Theorem (T.)

Let ;1 be a Radon measure on R"1 and By € R"t! a P-doubling ball such
that:

(a) ©u(x,r) < CO,(By) forall x € By, 0 < r < 4r(By).

(b) There exists some ball By centered in By such that, for some o > 0
and § = () >0,

0.(B1) > a©,(By),  r(By) < 6(a) r(Bo).
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A more quantitative rectifiability criterion

Theorem (T.)

Let ;1 be a Radon measure on R"1 and By € R"t! a P-doubling ball such
that:

(a) ©u(x,r) < CO,(By) forall x € By, 0 < r < 4r(By).

(b) There exists some ball By centered in By such that, for some o > 0
and § = () >0,

0.(B1) > a©,(By),  r(By) < 6(a) r(Bo).

) For some0 < e < 1,
/ [Ri(x) ~ . (Rp) P dia(x) < = ©,,(Bo n(Bo)
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A more quantitative rectifiability criterion

Theorem (T.)

Let ;1 be a Radon measure on R"1 and By € R"t! a P-doubling ball such
that:

(a) ©u(x,r) < CO,(By) forall x € By, 0 < r < 4r(By).

(b) There exists some ball By centered in By such that, for some o > 0
and § = () >0,

0,(B1) > a®,(B),  r(By) < () r(By).
) Forsome0 < e < 1,
/ Ri(x) — My 0 (Rit) P dp(x) < & ©,(Bo)?1u(Bo).

Then there exists some T > 0 such that if 0,¢ are small enough, there is a
uniformly n-rectifiable set T C R"*1 such that

n(2Bo N ) > 7 u(By).
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o Already proven by Girela-Sarrién - T. theorem, assuming (3, 2(Bo)
small enough instead of the existence of Bj.

e Applications to the two-phase problem for harmonic measure (Azzam,
Mourgoglou, T., Volberg) and to the oscillation of ©,,(x, r) in points
where 6" (x) = 0 (Lloret, T.).
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Next objective: to prove the following simple result

Theorem
Let ;1 be a Radon measure in R™1. Let By C R™?! be a P-doubling ball
such that:

° O,(x,r) < GO,(By) forall x € 2By, 0 < r < 4r(By).
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Next objective: to prove the following simple result

Theorem
Let ;1 be a Radon measure in R™1. Let By C R™?! be a P-doubling ball
such that:

° O,(x,r) < GO,(By) forall x € 2By, 0 < r < 4r(By).

o There exists a ball By centered in By such that r(B1) < d r(B) and,
for some o > 0,

@M(/\Bl) > a@u(Bo) ifABy C 2By with A > 1.
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Next objective: to prove the following simple result

Theorem
Let ;1 be a Radon measure in R™1. Let By C R™?! be a P-doubling ball
such that:

° O,(x,r) < GO,(By) forall x € 2By, 0 < r < 4r(By).

o There exists a ball By centered in By such that r(B1) < d r(B) and,
for some o > 0,

@u(/\Bl) > a@u(Bo) ifABy C 2By with A > 1.

o [ 1Ry mas, (R} di < =@, (Bo)” u(Bo)
0

If 6 = 6(«x) is small enough and € = (r(Byp)/r(Bi), «) is small enough,
then there is a uniformly n-rectifiable set T C R"*1 such that

w(2BoNT) > 7 u(B).
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The Main Lemma

Lemma (Main Lemma)

Let ;1 be a Radon measure in R such that p|og, = h L™ |2g,, with
he L. Let By C R™! be a P-doubling ball such that:

® O,(x,r) < GO,(By) forall x € 2By, 0 < r < 4r(By).
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The Main Lemma

Lemma (Main Lemma)

Let ;1 be a Radon measure in R such that p|og, = h L™ |2g,, with
he L. Let By C R™! be a P-doubling ball such that:

® O,(x,r) < GO,(By) forall x € 2By, 0 < r < 4r(By).

o There exists a ball By centered in By such that r(By) < d r(Bp) and,
for some . > 0,

©u(AB1) > a©,(By) if A\By C 2By with A > 1.
Then

IR~ Mogo,u(Ri)? dpt > cg ©,,(Bo)? 1 Bo),
0

with ¢ = co(a, r(Bo)/r(B1)) > 0.
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ldea of proof

Suppose that

/ IR — my 25, (Rp)|P dpn < X©,(Bo)P 11(Bo)
2Bg

for A > 0 small.

For a € L*°(u), consider the functional

F(a) = /2 [R(an) = m 2, (R0 d(ag) + X ]2 ©,(Bo)u( o)
0
+ other terms.

Minimize F over a € L*°(u) which equals 1 on 2B§ and get a
contradiction, using a “suitable” maximum principle.
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The Frostman Lemma

Recall that

Mpp(x) = sup wBlr)
r>0 rn
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The Frostman Lemma

Recall that

Mpp(x) = sup wBlr)
r>0 r’

Theorem (Frostman)
Let E C RY. Then

HI(E) ~ sup{u(E) : suppp C E, Mpp(x) < 1¥x € R}
~ sup{u(E) : supppu C E, Myu(x) < 1Vx € E}.
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End of the first lecture.
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