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References

In this mini-course, I will skip some details, and focus mainly on the underlying ideas of
theorems/proofs.

For the introductory part, there are many possible references. I suggest the following:
1 Mattila, “Geometry of sets and measures in Euclidean spaces”
2 Morgan, “Geometric measure theory, a beginner’s guide”
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Reminder: Hausdorff distance

Definition

Given A,B ⊂ Rm closed, we define the Hausdorff distance as

dH(A,B) = inf {r > 0 s.t . A ⊆ Br (B) and B ⊆ Br (A)} (1)

Notice that dH(A,B) = 0 iff A = B.

On the Grassmannian Gk ,n (the manifold of linear k -dimensional subspaces of Rn), dH induces a
distance equivalent to the Riemannian one:

dG(V ,W )≈ dH(V ∩B1 (0) ,W ∩B1 (0)) , (2)

C(n)−1dH(V ∩B1 (0) ,W ∩B1 (0))≤ dG(V ,W )≤ C(n)dH(V ∩B1 (0) ,W ∩B1 (0)) . (3)
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Classical Reifenberg theorem

Some references for classical Reifenberg theorem:
1 Reifenberg, “Solution of the Plateau Problem for m-dimensional surfaces of varying topological

type” - Acta 1960
2 Simon, “Reifenberg topological disk theorem” (Lecture notes available at this link)
3 Naber, “Lecture notes on Rectifiable Reifenberg for Measures”, Park City Lectures
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Classical Reifenberg theorem

Definition

Given S ⊂ Rm closed with 0 ∈ S, we say that S is δ -Reifenberg flat on B1 (0) if

∀r ≤ 2 , ∀x ∈ S∩B2 (0) , ∃Lx ,r s.t . (4)
1
r

dH(S∩Br (x) ,Lx ,r ∩Br (x))≤ δ . (5)

Remark

If δ ≤ δ (m) is sufficiently small, with a continuity argument one shows that the dimension of the
planes Lx ,r must be independent of x and r .

dim(Lx ,r ) = k independent of x , r . (6)
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Reifenberg’s topological disk theorem

Reifenberg’s theorem is topological in nature

Theorem

Let S be a closed set in Rm. For all α ∈ [0,1), there exists δ (α,m)> 0 such that

S is δ −Reifenberg flat on B1 (0) =⇒ S∩B1 (0) is α-bi-Hölder to B1 (0)⊂ Rk . (7)

To be more precise, there exists φ : Rk → Rm such that
1 S∩B1 (0)⊂ φ(B1+Cδ (0))⊂ S∩B1+2Cδ (0)
2 φ ∈ C0,α with controlled C0,α norm
3 φ−1 : φ(Rk )→ Rk is C0,α with controlled C0,α norm

! What’s missing here? LIPSCHITZ/VOLUME bounds.
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Easy example

Let S be a smooth k -dimensional submanifold S ⊂ Rn. Then for all x ∈ S, there exists a small
enough radius rx such that S∩Brx (x) is δ -Reifenberg flat.

Roughly speaking, this is a blow-up property. If S∩Br (x) is graphical over Tx S, then by a simple
blow-up argument we can rescale Br (x) to B1 (0) and obtain that S is the graph of a function with
∇2f ≤ Cr . Let us just assume that, after rescaling, ∇2f ≤ δ .

Now one can show that:

1
r

dH(S∩Br (x) ,Tx S∩Br (x))≤ Cδ r , (8)

and this is more than enough to apply Reifenberg’s theorem.
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Technical parts of the proof

First we notice that the k -dimensional planes Lx ,r don’t change too much as a function of point and
scale. In particular:

Lemma

Given a δ -Reifenberg flat set S, we have the following estimates:

0 < r/10 ≤ s ≤ 10r ≤ 1 , d(x ,y)≤ 10r , =⇒ dG(Lx ,r ,Ly ,s)+
d(x ,y +Ly ,s)

r
≤ Cδ . (9)

These are easy consequence of the triangular inequality.
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Proof of Reifenberg’s original theorem

1 Build inductively approximations Sj of S at scale 2−j

2 Use maps φj : Sj → Sj+1 to build the approximations

3 Control the norm of

τj = φj ◦ · · · ◦φ0 .

S0 = L0,1
φ0−→ φ0(S0) = S1

φ1−→ φ1(S1) = S2 · · · −→j→∞ S
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How to produce the approximating manifolds Sj

We define Sj inductively via

Sj+1 = φj (Sj ) , (10)

where φj is roughly speaking an average of the projections onto the planes Lx ,2−j for x ∈ Sj .

In formulas (roughly)

φj (x) = ∑
i

λij (x)πLxij ,2
−j (x −xij ) , (11)

where B2−j+1

(
xij
)

are a Vitali covering of Sj and λij (x) a partition of unity “around” S.

Since the planes Lij don’t tilt much (locally at least), we have that for all x ∈ B2−j−1

(
xij
)
:

φj (x) = πLxij ,2
−j (x −xij )+e(x) , 2j |e(x)|+ |∇e(x)| ≤ Cδ . (12)
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Squash lemma

This technical lemma allows us to say that Sj are smooth manifolds, it is taken from Simon’s
‘Reifenberg topological disk theorem”.

Lemma (Squash lemma)

There is a constant δ0 = δ0(m) such that the following holds. If δ ∈ (0,δ0), r > 0, L is a
k-dimensional subspace of Rm,

Φ(x) = pL(x)+e(x), x ∈ Br , (13)

where pL is the orthogonal projection onto L and

r−1|e(x)|+ |∇e(x)| ≤ δ for all x ∈ Br , (14)

and if

G = {x +g(x) : x ∈ Br ∩L} (15)

is the graph of a C1 function g : Br ∩L → L⊥ with

r−1|g(x)|+ |∇g(x)| ≤ 1/7 at each point x ∈ Br ∩L, (16)
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Lemma

Then Φ(G∩Br ) is the graph of a C1 function

g̃ : U → L⊥ (17)

over some domain U with

Br/2 ∩L ⊂ U ⊂ L (18)

and with

r−1|g̃|+ |∇g̃| ≤ 4δ on Br/2 ∩L. (19)

This is a technical but easy application of the implicit function theorem.

There are other ways to phrase the same moral, see for example Naber’s Park City Lectures.

11/57 Daniele Valtorta Reifenberg theorems: an overview



Continuous estimates

By analyzing the construction, we can notice that for all x ∈ Sj :∣∣φj (x)−x
∣∣≤ Cδ2−j . (20)

This implies that ∣∣τj+1(x)− τj (x)
∣∣≤ Cδ2−j . (21)

Inductively then we obtain for all i ≥ 0:∣∣τj+i (x)− τj (x)
∣∣≤ Cδ2−j , (22)

so τj : S → Rm converges uniformly as j → ∞ to a continuous function τ with

|τ(x)−x | ≤ Cδ . (23)
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Holder estimates

From the construction, one gets∣∣φj (x)−φj (y)− (x −y)
∣∣≤ Cδ |x −y | . (24)

This is the key estimate that will allow us to prove Holder continuity for τ. It is important also
because it will play a central role also in the Lipschitz versions of Reifenberg.

Iterating this we have for all j : ∣∣τj (x)− τj (y)
∣∣≤ (1+Cδ )j |x −y | . (25)

Recall also that for all i , j ≥ 0 ∣∣τj+i (x)− τj (x)
∣∣≤ Cδ2−j . (26)

Now we interpolate to get Holder continuity.
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Holder continuity

In particular, we have for all j :

|τ(x)− τ(y)| ≤
∣∣τ(x)− τj (x)

∣∣+ ∣∣τj (x)− τj (y)
∣∣+ ∣∣τj (y)− τ(y)

∣∣≤ (27)

≤Cδ2−j + (1+Cδ )j |x −y | + Cδ2−j . (28)

Fix α < 1. If we pick j such that

δ2−j ≤ |x −y |α , (1+Cδ )j |x −y | ≤ |x −y |α , (29)

then we are done.
This is possible since the two conditions are equivalent to

j ≥−α log2(|x −y |) (+log2(δ )) , j ≤ α −1
log2(1+Cδ )

log2(|x −y |) (30)
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Lipschitz/Volume versions of Reifenberg’s theorem

Some references for Lipschitz/Volume versions of Reifenberg’s theorem:
1 Toro, “Geometric conditions and existence of bi-Lipschitz parameterizations” - Duke 1995
2 David, Toro, “Reifenberg parameterizations for sets with holes” - Mem AMS 2012
3 Tolsa, “Characterization of n-rectifiability in terms of Jones’ square function: part I” - Calc Var

2015
4 Azzam, Tolsa “Characterization of n-rectifiability in terms of Jones’ square function: Part II” -

GAFA 2015
5 Edelen, Naber, Valtorta, “Quantitative Reifenberg theorem for measures” - MathZ 2020
6 Naber, Valtorta, “Rectifiable-Reifenberg and the regularity of stationary and minimizing

harmonic maps” - Annals 2017
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Main question of the course

Can we push Reifenberg’s theorem to Lipschitz?

No, but one can obtain Lipschitz-type control by requiring something more on S

Dini type condition VS Calibrated planes
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Why not? Modified snowflake

The usual Koch snowflake can me modified to look more like a
Reifenberg flat set. We introduce a parameter δ which is the “rel-
ative height” of the triangles in the construction.

The snowflake becomes “flatter”, and in particular it becomes Cδ -
Reifenberg flat.
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Reifenberg and fractals

Example

Let S be a snowflake with parameter δ . Then S is Cδ -Reifenberg flat.

δ -Reifenberg flat does NOT preserve volume bounds and rectifiability.
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Example

If we build a snowflake with variable parameter δi , then the limit snowflake has finite length IFF

∞

∑
i=1

δ
2
i < ∞ (31)

The square comes from Pythagoras’ theorem.
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Toro’s biLipschitz parametrization

Theorem (Toro 1995)

[Let S be a δ -Reifenberg flat set in Rm with typical dimension k,] set

θ(x , r) = inf
V≤Rm , dim(V )=k

{
1
r

dH(S∩Br (x) ,V ∩Br (x))
}
, (32)

Θ(r) = sup
x∈B1(0)

θ(x , r) . (33)

There exists a δ (m)> 0 such that if ∫ 1

0

dr
r
Θ2(r)< δ

2 ≤ δ
2(m) , (34)

then S∩B1 (0) is bi-Lipschitz equivalent to B1 (0)⊂ Rk , with biLipschitz constant ≤ 1+Cδ 2 .
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A few observations: note that, roughly speaking,∫ 1

0

dr
r
Θ2(r)≈

∞

∑
j=0

Θ2(2−j ) . (35)

In other words, this Dini sum is a sum over scales.

Notice also that the δ -Reifenberg flat condition gives automatically∫ 1

r0

dr
r
Θ2(r)≤−Cδ

2 log(r0) , (36)

so what’s missing is just a tiny bit of summability.

If S is a smooth Riemannian manifold, then, up to a blow-up, we have

Θ(r)≤ Cδ r , (37)

which is more than enough for summability.
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Sketch of proof for Toro’s biLipschitz Reifenberg

Same as the original proof, keeping better track of the bi-Lipschitz properties of φj . In particular:
1 Build inductively approximations Sj of S at scale 2−j

2 Use maps φj : Sj → Sj+1 to build the approximations

3 Improve the control on φj to:∣∣φj (x)−φj (y)− (x −y)
∣∣≤ CΘ2(2−j ) |x −y | . (38)

4 Now standard arguments allow to control the Lipschitz norm of

τj = φj ◦ · · · ◦φ0 .
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Comments

Toro’s theorem requires a uniform control over S, i.e. the condition∫ 1

0

dr
r
Θ2(r)< ∞ (39)

is strong.

It also requires a 2-sided closeness of S with some k -dimensional plane. Some application require
only a one sided closeness.
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Moebius strip example

Problem: one sided closeness is NOT enough for topological properties. Example: tiny Moebius
strip (see David-Toro “Reifenberg parametrization for set with holes” (Counterexample 12.4))
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β -numbers

A similar approach uses Jones’ β -numbers.

Definition

Let S be a closed subset of Rm. Set

β
2
k (x , r) = inf

V

{∫
S∩Br (x)

dHk (z)
rk

d2(z,V )

r2 s.t . dim(V ) = k

}
.
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β -numbers for measures

β -numbers can be easily extended to measures.

Definition

Given a Radon measure µ on Rm, set

β
2
k (x , r) = inf

V

{∫
Br (x)

dµ(z)
rk

d2(z,V )

r2 s.t . dim(V ) = k

}
.

Taking µ =Hk |S gives back the previous definition. This more general definition makes sense also
for more general measures.

For example, let S ⊂ Rm be a set, and {Br (xi )}i be a covering for S with
{

Br/2 (xi )
}

i
pairwise

disjoint. We can consider the measure

µ = ∑
i

rk
δxi . (40)
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Comments

This definition gives a more integral control, with an L2 flavour.

It also requires a one sided closeness between S and Lx ,r . In other words, S might have “holes”.

In some applications, β (x , r) can be estimated very naturally.
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Other Reifenberg-like theorems

Theorem (Naber-Valtorta, 2011)

There exists a δ (m) such that if for all x ∈ B2 (0) and r ≤ 1 we have∫
S∩Br (x)

[∫ r

0

ds
s

β
2
k (z,s)

]
dHk (z)≤ δ (m)rk ,

then Hk (S∩B1 (0))≤ C(m), and S is k-rectifiable.

Theorem (Tolsa and Azzam-Tolsa)

S ⊂ Rm is k-rectifiable IFF ∫ 1

0

dr
r

β
2
k (x , r)< ∞

for Hk -a.e. x ∈ S.
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Proof of improved theorems

1 Build inductively approximations Sj of S at scale 2−j

2 Use maps φj : Sj → Sj+1 to build the approximations

3 Control the W 1,p norm of

τj = φj ◦ · · · ◦φ0 .

4 Deal with holes in S.

29/57 Daniele Valtorta Reifenberg theorems: an overview



How to deal with holes

Given a Reifenberg flat set S, we noticed that we have tilting controls over the “best planes” (or
approximating planes) Lx ,r . In particular, Lx ,r varies in a reasonable fashion as a function of x and r .

This is NOT the case if S has holes. However, we have a dicothomy:
1 either S∩Br (x) doesn’t have too many holes, and we have tilting control over Lx ,r

2 or S∩Br (x) is small enough to preserve k -dimensional volume bounds.
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Holes

Consider x ∈ S ≈ Sj , and the ball B2−j (x). If we have tilting controls of the approximating planes
L2−j±1,y for y ∈ S∩B2−j (x), we carry on the Reifenberg construction. When we don’t have tilting
control we stop.

The key is that if we don’t have tilting control, then S∩B2−j (x) is contained in a small tube around
something k −1 dimensional.
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Tilting control: toy case

Consider the following set S ⊂ R2 (union of black and red segments).

At a big scale, this looks like a horizontal (black) line. Close to the origin, this looks like a vertical
(red) line.

There’s a scale (circle of radius 1 in the picture) at which the best plane tilts sharply. However, at that
scale, the set is very small, it is quantitative more similar to a point than a line.
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Applications

These results can be applied to show that the singular sets of harmonic maps (points where u is
not smooth) is m−3 rectifiable with uniform volume bounds.

Adaptation to other problems:
1 Critical and singular sets of harmonic functions
2 free boundary in thin obstacle problems (arXiv:1703.00678 by Focardi and Spadaro)
3 liquid crystals (arXiv:1706.02734 by Onur Alper)
4 Yang-Mills connections
5 singularities of minimal surfaces
6 Q-valued harmonic maps
7 others
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Singular set of harmonic maps

Theorem

Given a minimizing harmonic map u : Ω⊆ Rm → N, then the singular set is m−3-rectifiable and

Vol
(

Br
(
S(u)∩B1(0)

))
≤ C

(
m,N,

∫
B2(0)

|∇u|2
)

r3 . (41)

There are other results on stratifications of the singular sets, even for stationary harmonic maps.
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Background

An important tool is the scale-invariant energy:

θ(x , r) = r2−m
∫

Br (x)
|∇u|2 , θ̃(x , r) = r2−m

∫
Rm

φ

(
|x |2

2r2

)
|∇u|2 (42)

r
d
dr

θ(x , r) = 2r3−m
∫

∂Br (x)

∣∣∣∣〈∇u(z)
∣∣∣∣ z −x
|z −x |

〉∣∣∣∣2 dz ≥ 0 (43)

r
d
dr

θ̃(x , r) = 2r2−m
∫
Rm

[
−φ̇

(
|z −x |2

2r2

)]∣∣∣∣〈∇u(z)
∣∣∣∣z −x

r

〉∣∣∣∣2 dz ≥ 0 (44)
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Controlling β with θ

To get rid of ε, we use Reifenberg. We want to bound β with the monotone quantity θ , and in
particular its pinching. Set

W (x , r) = θ̃(x , r)− θ̃(x , r/2) . (45)

Lemma

Given any measure µ supported on the singular set, we have

βm−3(x , r)
2 ≤ Cr3−m

∫
Br (x)

dµ(z)W (z, r) . (46)

Roughly speaking, it will allow us to say that∫ r2

r1

ds
s

βk (z,s)
2 ∼

∫ r2

r1

ds
s

W (z,s)∼ C(θ̃(z, r2)− θ̃(z, r1/2)) . (47)

36/57 Daniele Valtorta Reifenberg theorems: an overview



From now on, we will focus on a simplified problem. Suppose the of u domain in B10 (0)⊂ R3, and
x , y ∈ B1 (0) are two different singular points for u. We take µ = δx +δy .

The equivalent of βm−3(0,1)2 in this case is β0(0,1)2 = C |x −y |2 .

In this simplified problem, we need to show that

Lemma (Simplified version)

We have

|x −y |2 ≈ β0(0,1)
2 ≤

∫
B1(0)

dµ(z)W (z, r) = W (x ,1)+W (y ,1) . (48)
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Rough idea for the proof

First of all, we notice the following dichothomy:

1 for some c0(m,N,θ(0,2))> 0, either for all m−2 dimensional subspace V we have∫
B1(0)

|πV (∇u)|2 ≥ c0 , (49)

2 or u has no singularities in B1/2 (0).

This is an effective version of the dichothomy used in the quantitative stratification.

We will use the estimates on θ to bound the gradient on some carefully chosen subspaces V .
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Recall the estimate

r
d
dr

θ̃(x , r) = 2r2−m
∫
Rm

dy

[
−φ̇

(
|y −x |2

2r2

)]∣∣∣∣〈∇u(y)
∣∣∣∣y −x

r

〉∣∣∣∣2 ≥ 0 (50)

Roughly speaking this means that∫
B2(x)

dz |⟨∇u(z)|z −x⟩|2 ≈ θ̃(x ,2)− θ̃(x ,1) (51)

Exchanging x for y , we obtain∫
B2(y)

dz |⟨∇u(z)|z −y⟩|2 ≈ θ̃(y ,2)− θ̃(y ,1) (52)
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Clearly regardless of z:

(z −x)− (z −y) = y −x (53)
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Let x ,y ∈ B1/7(0). Using the previous estimate, we can control the gradient on the direction y −x by∫
B1(0)

|⟨∇u(z)|y −x⟩|2 ≤ (54)

≤ C
∫

B2(x)
dz |⟨∇u(z)|z −x⟩|2 +C

∫
B2(y)

dz |⟨∇u(z)|z −y⟩|2 ≤ (55)

≤ C(θ̃(x ,2)− θ̃(x ,1)︸                  ︷︷                  ︸
=W (x ,1)

+ θ̃(y ,2)− θ̃(y ,1))︸                    ︷︷                    ︸
=W (y ,1)

. (56)
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In dimension 3, we have on one hand∫
B1(0)

|⟨∇u(z)|y −x⟩|2 ≤ C (W (x ,1)+W (y ,1)) . (57)

and on the other if e = x−y
|x−y | we have

|x −y |2
∫

B1(0)
dz |⟨∇u(z)|e⟩|2 ≥ |x −y |2 c0 . (58)

Summing up, we obtain

|x −y |2 ≤ C
c0

(W (x ,1)+W (y ,1)) . (59)

Roughly speaking, it’s exactly what we want.
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L2 best subspace approximation: more details

First of all, we have the following lemma:

Lemma

Let u : B1 (0)⊂ Rm → N be a minimizing harmonic map with a singularity in B1/2 (0). There exists
ε0 > 0 such that for all m−2 dimensional subspace V ≤ Rm:∫

B1(0)
|πV ∇u|2 ≥ ε0 . (60)

This is proved by an easy compactness argument.

Recall that we want to prove that

Lemma

Given any finite Radon measure µ supported on the singular set, we have

βm−3(x , r)
2 ≤ Cr3−m

∫
Br (x)

dµ(z)W (z, r) . (61)
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Details: quadratic form

Fix Br (x), wlog Br (x) = B1 (0), with xcm =
>

dµ(x)x , wlog xcm = 0.

Consider the bilinear quadratic form Q(v ,w) defined by

Q(v ,w) =
∫

B1(0)
⟨x −xcm|v⟩⟨x −xcm|w⟩=

∫
B1(0)

⟨x |v⟩⟨x |w⟩ . (62)

Let λi (µ), · · · ,λm(µ) be its eigenvalues (decreasing), with vi (µ) eigenvectors.

Then

λk+1 =max

{∫
|(x −xcm) ·v |2 s.t . |v |2 = 1and ∀i ≤ k , ⟨v |vi ⟩= 0

}
, (63)

β
2
k (x , r) = λk+1 + · · ·λm ≤ Cλk+1 . (64)
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Quadratic form estimate

We have for all k and z:

λk vk =
∫

dµ(x) ⟨x |vk ⟩x , (65)

λk ⟨vk |∇u(z)⟩=
∫

dµ(x) ⟨x |vk ⟩⟨x |∇u(z)⟩=
∫

dµ(x) ⟨x |vk ⟩⟨x −z|∇u(z)⟩ (66)

where we used that xcm =
>

dµ(x)x = 0. By Cauchy-Schwartz

λk |⟨vk |∇u(z)⟩|2 ≤
∫

dµ(x) |⟨x −z|∇u(z)⟩|2 (67)

Integrating in dz over B1 (0), we get

λk

∫
B1(0)

dz |⟨vk |∇u(z)⟩|2 ≤
∫

dµ(x)
∫

B1(0)
dz |⟨x −z|∇u(z)⟩|2︸                                ︷︷                                ︸

≤CW (x ,2)

(68)
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Quadratic form estimate

Now we have

m−2

∑
k=1

λk

∫
B1(0)

dz |⟨vk |∇u(z)⟩|2 ≥ λm−2

m−2

∑
k=1

∫
B1(0)

dz |⟨vk |∇u(z)⟩|2 = (69)

= λm−2

∫
B1(0)

dz
∣∣πVm−2 ∇u(z)

∣∣2 ≥ λm−2ε0 (70)

where Vm−2 is the subspace spanned by {v1, · · ·vm−2}.

Now we conclude by noticing that:

βm−3 ≤ Cλm−2 ≤ C
∫

dµ(x)W (x ,2)
ε0

. (71)
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Covering argument

In order to be able to apply efficiently Reifenberg’s theorem, we need to split up the domain of u into
suitable subsets. We prove this covering argument.

Lemma (Covering lemma)

Let u be a minimizing harmonic map u : B2 (0)→ N with
∫
B2(0) |∇u|2 ≤ Λ. Fix any x ∈ B1(0) and

0 < r ≤ 1. Set

E = sup
{

θ̃(y ,1) | y ∈ B1 (0)
}
≤ CΛ . (72)

There exist a positive δ = δ (m,N,Λ), a constant CV = CV (m)≥ 1, a finite covering of S∩Br (x) with
balls Bsi (xi ) with the following properties:

(a) si ≥ r ;

(b) ∑i sm−3
i ≤ CV ;

(c) for each i, either si = r , or

sup{θ̃ (y ,si ) : y ∈ B2si (xi )} ≤ E −δ . (73)
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This covering is obtained through an intermediate covering of the form

Lemma (Intermediate covering lemma)

Let u be as before. Fix any x ∈ B1(0) and 0 < r ≤ 1, and 0 < ρ << 1. Set

E = sup
{

θ̃(y ,1) | y ∈ B1 (0)
}
≤ CΛ . (74)

There exist a positive δ = δ (m,N,Λ,ρ), a constant C′
V = C′

V (m)≥ 1, a finite covering of S∩Br (x)
with balls Bsi (xi ) with the following properties:

(a) si ≥ r ;

(b) ∑i sm−2
i ≤ C′

V ;

(c) For each i, either si = r , or the set of points

Fi = S∩B2si (xi )∩{y : θ̃(y ,ρsi )> E −δ} (75)

is contained in Bρsi (Li )∩Bsi (xi ), for some
(

m−(3+1)
)

-dimensional affine subspace Li .
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(Other) technical details

A lot of (more or less important) technical details have been swept under the rug, to make space for
the underlying ideas.

Just to name a few:
1 The singular set S(u) has to be carefully covered in an inductive way in order to be able to apply

the estimates mentioned in this talk
2 A double induction (one upwards and one downwards) is needed to apply all the estimates

carefully
3 The estimates hold also for quantitative strata of the singular set
4 As a corollary of the proof, one obtains that a minimizing harmonic map u belongs to

weak-W 1,3, i.e.

Vol
(
|∇u| ≥ K−1

)
≤ CK 3 (76)

5 if the domain of u is a manifold, the monotonicity formula for θ needs to be modified (in an
inconsequential way)
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Quick intro: Calibrated geometry

Definition

Given a smooth Riemannian manifold M of dimension m, a calibration ω on M is a k -form such that
1 dω = 0
2 it has unit comass, in the sense that for all unit k -vectors ξ ∈ Λk (M), ∥ξ∥= 1:

⟨φ |ξ ⟩ ≤ 1 . (77)

We say that a k -dimensional subspace V ⊂ Tx M is calibrated by φ if ⟨φ |V ⟩= 1. We have the
following standard theorem (see for example Theorem 2.6 in Morgan “GMT: a beginner’s guide”):

Theorem

Let M be a smooth Riemannian manifold, and ω a calibration. If S ⊆ M is a smooth submanifold
such that for all x ∈ S, Tx S is calibrated by ω, i.e., ⟨ω|Tx S⟩= 1, then S is volume minimizing in its
homology class.
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Why calibrations are useful?

Example

Let N ⊂ Rm be a k dimensional calibrated submanifold, i.e.,

∀x ∈ N , Tx (N) ∈ C(x ,ϕ) ⇐⇒ ϕ|Tx (N) = volTx (Rm) .

Then N is a minimal surface.

Vol(N) =
∫

N
dv =

∫
N

ϕ =
∫

W
ϕ ≤ Vol(W )

Where we used Stokes’:∫
N

ϕ −
∫

W
ϕ =

∫
A

dϕ = 0
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Complex example

Consider Cm with the complex form

ω =
m

∑
i=1

dxi ∧dyi . (78)

For all 1 ≤ k ≤ m, 1
k!ω

k is a calibration.

Example

If N ⊂ Cm has complex tangent planes everywhere, then it is minimal. (Wirtinger’s inequality)
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Lipschitz/Volume versions of Reifenberg’s theorem

Some references for Calibrated versions of Reifenberg’s theorem:
1 Edelen, Naber, Valtorta, “Rectifiable Reifenberg and uniform positivity under almost

calibrations” - Tolouse to appear
2 Bertolini, Preti, Valtorta “ ” - arXiv
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Other approach: Calibrations

Definition

Given a Riemannian manifold M, a calibration is a differential form ϕ of order k such that
1 dϕ = 0, ϕ is closed
2 for all x and oriented k -planes L ∈ Tx M

ϕ|L = λ volL

with λ ≤ 1, and volL is the volume on L induced by the Riemannian metric.

Set C(x ,ϕ) = {V ∈ Tx (M) s.t . ϕ|V = 1volV }.

54/57 Daniele Valtorta Reifenberg theorems: an overview



Calibrated Reifenberg

Theorem (Edelen-Naber-Valtorta)

Let Ω be a calibration on Rm, and S be a closed set in Rm with 0 ∈ S.
Suppose that

∀r ≤ 2 , ∀x ∈ S∩B2 (0) , ∃Lx ,r s.t . (79)
1
r

dH(S∩Br (x) ,Lx ,r ∩Br (x))≤ δ , (80)

with the extra assumption that

Ω|Lx ,r ≥ (1− ε)dvL . (81)

Then S is k-rectifiable with

Hk (S∩B1 (0))≤ C(m,δ ,ε) (82)

Remark

Assumptions on Ω can be watered down quite a bit.
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Proof of calibrated theorems

1 Build inductively approximations Sj of S at scale 2−j

2 Use maps φj : Sj → Sj+1 to build the approximations

3 Show that for all j , Sj are almost calibrated

4 Use the almost calibrated properties of Sj to obtain uniform Hk bound on Sj .

S0 = L0,1
φ0−→ φ0(S0) = S1

φ1−→ φ1(S1) = S2 · · · −→j→∞ S
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Thanks for your attention
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