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The Erdds similarity problem

Definition

We say that a set C C R is affinely embedded into a set L if there is
a+ 0 and b such that aC + b C L.

In this case we say that there is an affine copy of C in L.

@ Exercise: Prove that if L is any set of positive Lebesgue measure
and C is any finite set, then L contains an affine copy of C (Hint:
consider a density point of L).

Question
What happens when C is any infinite set? J
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The Erdds similarity problem

Conjecture (Erdds similarity problem)

For any infinite set of real numbers C, there is a set of positive
Lebesgue measure L so that C cannot be affinely embedded into L.

@ Comment: Considering the same problem, but for full Hausdorff
dimension or positive Hausdorff measures is “easy to solve”. In
this case, given any set C of 3 points, there are sets as large as
we want (with this notions) so that they don’t contain affine copies
of the set.

> Keleti proved that given any set C with 3 points, there is a set of Hausdorff
dimension 1 (and Lebesgue measure 0) that does not contain any affine copy of C.

> | generalized it to get a set of positive h-Hausdorff measure (for any h dimension
function with h < x). So, the problem is solved while relaxing the condition “positive

Lebesgue measure” and changing it by large in the sense of Hausdorff dimension or
even generalized Hausdorff measures.
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The Erdds similarity problem

Conjecture (Erdds similarity problem)

For any infinite set of real numbers C, there is a set of positive
Lebesgue measure L so that C cannot be affinely embedded into L.

@ Some easy observations:

» For unbounded sets C the conjecture is trivially true (take
L =10, 1]). So, we can assume C bounded.

» If the conjecture for a C is true getting an unbounded L, then we
can take another set L that is bounded and has positive measure
too. So, we can assume L is bounded.

» The problem is affine invariant, so we can assume C C [0, 1].

» The conjecture is trivially true when C contains an interval, by
taking L = [0,1]\ Q. So, the sets C we need to study are “broken
everywhere”, such as Cantor sets or sequences.

» Because C is bounded and infinite, it has a point of convergence.
To try to prove the conjecture for sequences, one can assume C is
a sequence decreasing to 0.
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Partial results

Theorem (Eigen, Falconer (independently) 1984)
Let C := (xn)nen C R a decreasing to 0 sequence, such that

|imn—>oo X;J: =1.

Then, there exist a closed set L C R with positive Lebesgue measure
such thatVb € R V¢ € Ry we have that cx, — b ¢ L for infinite
numbers n € N.

In particular, C satisfies the Erdés Conjecture.

The conjecture is true for sequences with slow decay

@ Kolountzakis proved that if C contains arbitrary long “chunks” of
slow-decaying sequences, then C satisfies the Erdds conjecture

It is not known what happens for sequences with stronger decay, for
example with any geometric sequence, such as C :={27": ne N}.
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Partial results

@ Kolountzakis showed that if C is an infinite set, there is a set of
positive Lebesgue measure L, so that almost all affine copies of C
are notin L.

This means that £2 {(a,b) e R?: aC+ b C L} =0.
The conjecture is true almost surely

@ Kolountzakis also proved that for C symmetric, really thin Cantor

sets the conjecture is true.

@ Bourgain proved that the conjecture is true for C that are sums of
3 infinite sets.
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Partial results

There are people studying variants of this result, for example:

@ Chun-Kit Lai, Gallagher and E. Weber, Chun-Kit Lai and
Yeonwook Jung studied the Erdds similarity problem in the
topological setting (Instead of sets with positive measure, they
investigate the collection of dense Gj sets).

@ De-jun Feng, Chun-Kit Lai, Ying Xiong studied the Erdds similarity
problem for bi-Lipschitz embeddings. In particular, they show
that given any fast decaying sequence (x»)nen (for example
(27" pen) and any L of positive Lebesgue measure, there is a
bi-lipschitz function f so that f((xn)nen) C L.

A. Yavicoli (U. of British Columbia) Erdos problem for Cantor sets February 2026 7/31



The Erdds similarity problem

Conjecture (Erdds similarity problem)

For any infinite set of real numbers C, there is a set of positive
Lebesgue measure L so that C cannot be affinely embedded into L.

@ The problem is wide open and considered to be extremely hard. It is
unknown when C is a sequence with non-slow decay such as 277, and it
is not even known when C is a general Cantor set.

@ There are results showing that sets of positive Newhouse thickness
satisfy the Erdés similarity conjecture. Moreover, one can prove, using
the proof of a result by Shmerkin-Suomala (on fractal percolation) that
sets of positive Hausdorff dimension satisfy the conjecture too. But the
proof would be long, with a lot of “details” to fix, and leading to a worse
result.

@ Pablo Shmerkin and | studied Cantor sets that could be even smaller,
but not “extremely small”.
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The Erd6s and Strong Erdds conditions

E We say that an infinite set C satisfies the Erdds condition if there
is a set of positive Lebesgue measure L so that C cannot be
affinely embedded into L.

E’ (or equivalently) if there is a set of positive Lebesgue measure L
so that \C + L¢ =R for all A # 0.

SE We say that an infinite set C satisfies the Strong Erd6s condition if
there is a set L with null complement so that C cannot be affinely
embedded into L.

SE’ (or equivalently) if there is a null set N so that \’C + N = R for alll
N #£0.Here N := LC

Clearly, SE implies E.
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The Erd6s and Strong Erdds conditions

The conditions E and E’ are equivalent, and analogously the
conditions SE and SE’ are equivalent, because: NO E, means that for
all L of positive Leb measure

Jtand 3N #0sothat —AC+tC L

< Jtand IN £ 0 sothat (-AC+t)NLE =0

o JtandIN#£0sothatx ¢ —AC+t VxeLC

o Jtand3IN£0sothatt¢ A\C+x vx e LC

& IN#£0sothat \C+ LC #£R
Which means NO E’ when the property holds for all L of positive
Lebesgue measure.

The equivalence of these conditions, means that we can study
sumsets, to get some results for the Erdos similarity conjecture.
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@ Recall SE’: there is a null set N so that N'C + N =R for all \' £ 0.

@ Observation: Note that SE’ cannot be used to prove the
conjecture when C is a countable, because if C is countable, N
is null and X # 0, then

NC+N=J(N+Xc)isnull,

ceC

so it cannot be R.

@ Recall that there is a result by Eigen and Falconer
(independently), showing that slow decreasing to 0 sequences
satisfy the Erdds conjecture.

Then, they satisfy E, but they cannot satisfy SE’ (by the previous
observation).
So, the condition SE’ is really stronger than E.
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@ Recall SE’: there is a null set N so that N’C + N =R for all \’ # 0.

@ We are going to use SE’ to prove the Erdds similarity
conjecture for small enough Cantor sets.
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Observation (Extension of the lambda range)
Let C be a subset of [0, 1]. If there is a null set N’ C [—1,1] so that

AC+N D[0,1] VYAe[1,2].

Then, there is a null set N so that C + AN = R for all A # 0 (equivalent to
SE)).

The hypothesis implies C + A'N’ 2 [0, 2] forall \' := 1 € [}, 1].
Take the null set N := <Ujez (N + %Z)) U (f Ujez 2(N + %Z)). Forany A # 0, there is
Jo € Zsothat20|A| € [$,1]. Then,

- 1 1 o1
C+AND C+|AJ20 (N’ + 52) 2 [O’E] +2’°|A\§Z =R.

O

We say that C C [0, 1] satisfies the SE” if there is a null set N’ C [-1,1] so
that \C+ N’ D [0,1] Vxe[1,2].

A. Yavicoli (U. of British Columbia) Erdds problem for Cantor sets February 2026 13/31



Non-small Cantor sets

@ We will use the notation |U| for the diameter of the set U.

@ If C C [Jjen Ui with 0 < |Uj| < 4§ for all /, we say that {U;}en is @
0-covering of C.

@ We say that an increasing and right-continuous function
h:R>o — R>g is a dimension function if h(0) = 0, h(t) > 0if t > 0.

@ The Hausdorff measure associated with his
HI(C) = g@oinf {Z h(|U;|) : {U;}; a 6-covering of C} .
1

@ This definition generalises the s-dimensional Hausdorff measure,
which is the particular case h(x) := x® (notation is ).
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@ The set of dimension functions is partially ordered, considering
the order defined by

hy < by if tim )

= 0.
x=0+ ha(X)

@ In particular x® < x!iff s < t
@ The Hausdorff dimension of C is
dimy(C) :=sup{s > 0: H3(C) > 0} (here Hs = H*).
@ Dimension functions allow us to measure Cantor sets in a finer

way than via dimension. In particular, they allow us to distinguish
between sets of zero Hausdorff dimension.
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Non-small Cantor sets and our result
We proved that Cantor sets of “positive logarithmic dimension” satisfy the conjecture.

Theorem (Main Theorem, P. Shmerkin, A.Y.)
Let h(r) be a dimension function such that

o 1
I|rr'n_)|(r)1f h(r)logs (7> =0.

Then, for any Borel set C C [0,1] with #"(C) > 0, there exists a set
N C [-1,1] of zero measure such that \C + N D [0,1] forall A € [1,2]
(this is SE’).

@ An example of a “small” (srr:aller than any power) dimension function satisfying the
hypothesis is h(x) := Toga(L)T e

@ The Theorem implies that the Erdds conjecture is true for all sets C of positive Hausdorff
dimension, as well as for many other sets with dimension 0.

@ The case of a general Cantor set still seems out of reach.
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What we got in general (in words)

@ Lemma relating avoidance of copies with sumsets: Let F be a
translation-invariant family of non-constant functions from
RY - R%and C c RY.
Then, the following are equivalent:
» there is a set E C RY of full measure such that f(C) ¢ E Vf e F,
» there exists a Lebesgue-null set B C RY such that f(C) + B = RY
vfe F.

@ We defined certain notions of logarithmic dimensions.
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What we got in general (in words)

@ We showed that for any Borel set C C R? that is 'not small’ in
logarithmic dimension, there exists a F, set B of zero Lebesgue
measure such that f(C) + B = R? for all non-constant affine
functions f : R? — RY. In particular, by the Lemma, C cannot be
affinely embedded into the full measure and dense Gj set
R\ (-B).

e If C c RY is arbitrary, we are unable to show that f(C) + B = RY
for a null set B and all non-constant affine functions f, but we can

prove:

e if #"(C) > 0 for any dimension function h, then there is a null F,
set B so that R?\ (f(C) + B) has null Lebesgue measure, for all
bi-Lipschitz functions 7. Using the argument in the Lemma, this
says that there is a dense G; set of full measure X C RY such that
for any bi-Lipschitz function f : R — RY, the set of translations t
such that f(C) + t C X is of measure zero.

A. Yavicoli (U. of British Columbia) Erdds problem for Cantor sets February 2026 18/31



MAIN THEOREM

Theorem (P. Shmerkin, A.Y.)
Let h(r) be a dimension function such that

_ 1
Ilrrn_)lgf h(r)logs (7) =0.

Then, for any Borel set C C [0, 1] with H"(C) > 0, there exists a set
N C [-1,1] of zero measure such that \C + N D [0,1] for all A € [1,2]
(this is SE’).
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|dea of proof

@ INFORMALLY SPEAKING: We want to prove that for any “not too
small” C C [0, 1], there exists a "small” set N C [—1, 1] such that
AC+ N D [0,1]forall A € [1,2].

@ We start by proving an “analogous” result in the discrete setting,
where A plays the role of C and B plays the role of N:

Lemma (discrete lemma)

Suppose that A C {0,--- ,N — 1} satisfies #A > 15log,(N). Then,
there exists B C {0,--- ,2N — 1} with #B < %f\(N)N so that
IM]+B2{N,--- ,2N—1} forall X € [1,2].

This lemma is a generalization of a result proved by Lorentz 'On a
problem of additive number theory’ when A = 1.
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@ We prove (using the discrete lemma) a continuous analog of the

previous lemma:

Lemma (continuous lemma)
Fixa,be R, r>0andN € N.

1
Let AC [a,a+ r] have the form A= | | [a+ Lpapdtl

J N
_ _ JEA
AC{0,...,N—1} with#A > 15log,(N).

N

Then, there exists a set B C [b— L r, b+ 2r] such that:

@ Bis aunion of intervals of the form
[b+ %I’,b—i-%r} withj € {0,...,2N —1}.

30 log,(N)
O £(B)< —#% r.
Q Forallxe[1,2], wehave \A+ B2 (Aa+b)+ 0

1.

r| , for some
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Then, inspired by some ideas from Erdés, Kunen and Mauldin 'Some
additive properties of sets of real numbers’ we got the final result:

Theorem (P. Shmerkin, A.Y.)
Let h(r) be a dimension function such that

. 1
I|;n;gf h(r)log, (7) =0.

Then, for any Borel set C C [0, 1] with #"(C) > 0, there exists a set
N C [-1,1] of zero measure such that \C + N D [0,1] forall A € [1,2]
(this is SE”).

Each of the results takes 2 or 1 or 3 pages to prove, so | will not give the details here, but | will

give the main ideas.
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ldea of proof of discrete lemma (1/2)

Lemma (discrete lemma)

Suppose that A C {0, --- , N — 1} satisfies #A > 15log,(N). Then, there
exists B C {0, ,2N — 1} with #B < &N such that

[ M| +B2{N,---,2N -1} forall X € [1,2].

@ First, we showed that we can discretize the lambda range: It suffices to prove that there
exists aset B’ C {0,...,2N — 1} such that #B’ < 5'"’5;# and

{(%+1)AJ +B D{N,....,2N—1}forall £ € {0,...,N —1}.

@ Note that the condition {N,...,2N — 1} C L(ﬁ—H)AJ-&-B forall¢e{0,...,N—1}is
equivalentto(j—{(%H)AJ)mB;é@ forall (4,) € {0,...,N—1}x {N,...,2N—1}.
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|dea of proof of discrete lemma (2/2)

@ The “greedy algorithm”: We select inductively elements of to be added to B, maximizing
the numbers of remaining pairs (j, £) for which the condition above is satisfied.
0 So:={(j,0) €{0,...,N—=1} x {N,...,2N — 1}} with #S; = N2. We select
by € {0,...,2N — 1} such that the cardinality of
Ey = {(j,z) €Sy: by e (j— K% + 1) AD} is maximized.
9 Once S; and E; have been constructed, we define S;, 1 := S; \ E; and select
bit1 € {0,...,2N — 1} such that the cardinality of

Eipy = {(j, 0) €Sy b€ (j— {(% T 1) AJ)} is maximized.

@ One can get that #S; < (1 - 7f—,’\;‘)INZ.

@ And using that bound, show that for iy := (2"’%#] we have #5;; < 2. This means that

in at most 2 extra steps we finish the process, so #B < iy + 2 < w.

And we also have -because of the way the process was defined- that
(5 + 1Al +B2{N,...,2N—1}forall£ € {0,...,N — 1}, as desired.

A. Yavicoli (U. of British Columbia) Erdos problem for Cantor sets February 2026 24/31



Idea of proof of continuous lemma
Lemma (continuous lemma)
Fixa,beR,r>0andN e N. '

J Jj+1
C = —_— —_—
Let A C [a,a+ r] have the form A u [a+ Nr,a+ N r] , for some
_ N jeA
AC{0,...,N—1} with#A > 15log,(N).
Then, there exists a set B C [b— %r, b+ 2r] such that:

@ B s a union of intervals of the form {b + &b+ ”TW} with
je{0,....2N—1}.

30 log,(N)
O £(B)< 2ot

Q Forall ) €[1,2], we have NA+ B D (\a+ b) + [0, r].

@ We can assume that r = 1 (by rescaling).

@ We apply the discrete lemmato Ato geta B C {0,--- ,2N — 1} and define

B:=Ujep [b + 5 b+ ’%1] . One can check that B satisfies the conditions of the
lemma.
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Idea of proof of the theorem (1/4)

Theorem (main theorem)

Let h(r) be a dimension function such that liminf,_,o h(r) log, (1) = 0. Then,

for any Borel set C C [0, 1] with H"(C) > 0, there exists a set N C [-1,1] of
zero measure such that \C + N D [0,1] forall X € [1,2].

@ Because of H"(C) > 0, by Frostman’s lemma, there exists a probability measure
supported on C such that, for some constant ¢ > 0, we have (/) < ¢- h(2~™) for any
| € Dm, the collection of dyadic intervals of length 2=,

@ Since liminf,_q h(r) Iog2(17) =0, and h s increasing function, we also have
liminfm_ oo h(2~™)m = 0. Therefore,

Irlnrllgjm ~sup{p(l): 1 € Dm} = 0.

@ Denote by /(i,n) == [4:, ] and J(i, n) == [F, 1.

2n >
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Idea of proof of the theorem (2/4)

@ If we prove the inclusion for a subset of C we are good.
So, we'll just look at where the measure is positive (which will approach in Haudorff metric

a subset of C).
Define Ap := {i: p(/(i,n)) >0} C{0,...,2" — 1}, and Ap := U;cz_ /(i,n).

@ A;is anested sequence decreasing to a set A := supp(x) C C. Our aim is to prove that
there is a set N C [—1, 1] of measure zero such that A+ AN D [0, 1] for all A € [1,2].

@ We construct such a set N by induction. General idea:

> we get a sequence of levels m; so that we can ensure that:
#Am, > 300m,
each dyadic interval / of Am; contains many intervals of the new level mj. 4
each of them with positive © measure.

We can get this sequence because of the condition lim inf;—y oo m - sup{u(/) : I € Dy} = 0.

> By 1) my satisfies the hyp of continuous lemma (N := 2™, a=0and r = 1) and we
get By. We'll define B; ¢ inductively, depending on Amj and B;.
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Idea of proof of the theorem (3/4)

> Step 1: We have Ap, formed by many intervals (#Z\,m > 300my). We apply the
continuous lemma, to get that there is By C [—1, 1] so that By is a union of intervals of the
form J(i,my), £(By) < 107", and [0, 1] C AAm, + By forall A € [1,2].

» Step 2: For each pair of intervals (/,J) € (Am,, B1). We take A(/) the union of intervals of
Am, that are contained in /. We can apply the continuous lemma (with a = min(/),
b= min(J), r =2-™ and N = 2M2~™) to get a B(/, J) with £(B(/,J)) < 2-2™ so that

MA(I) + B(I,J) D Aa+ b+ [0,27™].

Taking
B, := U B(l,J)+{0,2=™ 22-M}

I€Am1
JeB,

we get £(Bo) < 102, B, is contained in the 5 - 2~™ -neighborhood of By, and
[0,1] € AMAm, + Bi C Mm, + B forall x € [1,2].
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Afm B]

level my
a b H

level m, @ @ @

Al bunches of intervals
We apply
the cont. lemma
for each pair
(A(/), b left endpoint of J € By)
a=min(l),r=2"",N=2m"m
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|dea of proof of the theorem (4/4)
By induction, we get a sequence of integers my and we get sets (Am, )xen and (Bx)ken such
that:
o By is a union of intervals of the form J(i, my).
@ £(By) <107k and £(B¥2 ™) < 11107k,
8 [0,1] C AAm, + By forall A € [1,2].
By is contained in the 5 - 2~ ™k-neighborhood of By.

For nonempty compact sets E, F C RY, the Hausdorff metric is
dy(E,F) :=inf{e >0: E C F. and F C E.}, where E. := {x € RY : dist(x, E) < ¢} denotes
the closed e-neighborhood of E.

The function djy is a metric on the space of nonempty compact subsets of RY, and this metric
space is complete.

It follows from the last property that By converges, in the Hausdorff metric, to a compact set B

—m,

S0 52 , . . .
B=NB" « , which has zero measure by (ii). Moreover, since Ay, also converges in

the Hausdorff metric to A := supp(u) = (x Am, C C, we have
[0,1]CAM+BCAC+B VvAe[l,2].
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