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The Erdős similarity problem

Definition
We say that a set C ⊆ R is affinely embedded into a set L if there is
a ̸= 0 and b such that aC + b ⊆ L.
In this case we say that there is an affine copy of C in L.

Exercise: Prove that if L is any set of positive Lebesgue measure
and C is any finite set, then L contains an affine copy of C (Hint:
consider a density point of L).

Question
What happens when C is any infinite set?
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The Erdős similarity problem

Conjecture (Erdős similarity problem)
For any infinite set of real numbers C, there is a set of positive
Lebesgue measure L so that C cannot be affinely embedded into L.

Comment: Considering the same problem, but for full Hausdorff
dimension or positive Hausdorff measures is “easy to solve”. In
this case, given any set C of 3 points, there are sets as large as
we want (with this notions) so that they don’t contain affine copies
of the set.

▶ Keleti proved that given any set C with 3 points, there is a set of Hausdorff
dimension 1 (and Lebesgue measure 0) that does not contain any affine copy of C.

▶ I generalized it to get a set of positive h-Hausdorff measure (for any h dimension
function with h ≺ x). So, the problem is solved while relaxing the condition “positive
Lebesgue measure” and changing it by large in the sense of Hausdorff dimension or
even generalized Hausdorff measures.
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The Erdős similarity problem

Conjecture (Erdős similarity problem)
For any infinite set of real numbers C, there is a set of positive
Lebesgue measure L so that C cannot be affinely embedded into L.

Some easy observations:
▶ For unbounded sets C the conjecture is trivially true (take

L = [0, 1]). So, we can assume C bounded.
▶ If the conjecture for a C is true getting an unbounded L, then we

can take another set L̃ that is bounded and has positive measure
too. So, we can assume L is bounded.

▶ The problem is affine invariant, so we can assume C ⊆ [0,1].
▶ The conjecture is trivially true when C contains an interval, by

taking L = [0, 1] \Q. So, the sets C we need to study are “broken
everywhere”, such as Cantor sets or sequences.

▶ Because C is bounded and infinite, it has a point of convergence.
To try to prove the conjecture for sequences, one can assume C is
a sequence decreasing to 0.
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Partial results

Theorem (Eigen, Falconer (independently) 1984)
Let C := (xn)n∈N ⊆ R a decreasing to 0 sequence, such that
limn→∞

xn+1
xn

= 1.
Then, there exist a closed set L ⊆ R with positive Lebesgue measure
such that ∀b ∈ R ∀c ∈ R ̸=0 we have that cxn − b /∈ L for infinite
numbers n ∈ N.
In particular, C satisfies the Erdős Conjecture.

The conjecture is true for sequences with slow decay
Kolountzakis proved that if C contains arbitrary long “chunks” of
slow-decaying sequences, then C satisfies the Erdős conjecture

It is not known what happens for sequences with stronger decay, for
example with any geometric sequence, such as C := {2−n : n ∈ N}.
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Partial results

Kolountzakis showed that if C is an infinite set, there is a set of
positive Lebesgue measure L, so that almost all affine copies of C
are not in L.
This means that L2 {(a, b) ∈ R2 : aC + b ⊆ L

}
= 0.

The conjecture is true almost surely
Kolountzakis also proved that for C symmetric, really thin Cantor
sets the conjecture is true.
Bourgain proved that the conjecture is true for C that are sums of
3 infinite sets.
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Partial results

There are people studying variants of this result, for example:
Chun-Kit Lai, Gallagher and E. Weber, Chun-Kit Lai and
Yeonwook Jung studied the Erdős similarity problem in the
topological setting (Instead of sets with positive measure, they
investigate the collection of dense Gδ sets).
De-jun Feng, Chun-Kit Lai, Ying Xiong studied the Erdős similarity
problem for bi-Lipschitz embeddings. In particular, they show
that given any fast decaying sequence (xn)n∈N (for example
(2−n)n∈N ) and any L of positive Lebesgue measure, there is a
bi-lipschitz function f so that f ((xn)n∈N) ⊆ L.
...
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The Erdős similarity problem

Conjecture (Erdős similarity problem)
For any infinite set of real numbers C, there is a set of positive
Lebesgue measure L so that C cannot be affinely embedded into L.

The problem is wide open and considered to be extremely hard. It is
unknown when C is a sequence with non-slow decay such as 2−n, and it
is not even known when C is a general Cantor set.
There are results showing that sets of positive Newhouse thickness
satisfy the Erdős similarity conjecture. Moreover, one can prove, using
the proof of a result by Shmerkin-Suomala (on fractal percolation) that
sets of positive Hausdorff dimension satisfy the conjecture too. But the
proof would be long, with a lot of “details” to fix, and leading to a worse
result.
Pablo Shmerkin and I studied Cantor sets that could be even smaller,
but not “extremely small”.
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The Erdős and Strong Erdős conditions

E We say that an infinite set C satisfies the Erdős condition if there
is a set of positive Lebesgue measure L so that C cannot be
affinely embedded into L.

E’ (or equivalently) if there is a set of positive Lebesgue measure L
so that λC + LC = R for all λ ̸= 0.

SE We say that an infinite set C satisfies the Strong Erdős condition if
there is a set L with null complement so that C cannot be affinely
embedded into L.

SE’ (or equivalently) if there is a null set N so that λ′C + N = R for all
λ′ ̸= 0. Here N := LC

Clearly, SE implies E.
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The Erdős and Strong Erdős conditions

The conditions E and E’ are equivalent, and analogously the
conditions SE and SE’ are equivalent, because: NO E, means that for
all L of positive Leb measure

∃t and ∃λ ̸= 0 so that − λC + t ⊆ L

⇔ ∃t and ∃λ ̸= 0 so that (−λC + t) ∩ LC = ∅
⇔ ∃t and ∃λ ̸= 0 so that x /∈ −λC + t ∀x ∈ LC

⇔ ∃t and ∃λ ̸= 0 so that t /∈ λC + x ∀x ∈ LC

⇔ ∃λ ̸= 0 so that λC + LC ̸= R

Which means NO E’ when the property holds for all L of positive
Lebesgue measure.
The equivalence of these conditions, means that we can study
sumsets, to get some results for the Erdős similarity conjecture.
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Recall SE’: there is a null set N so that λ′C + N = R for all λ′ ̸= 0.
Observation: Note that SE’ cannot be used to prove the
conjecture when C is a countable, because if C is countable, N
is null and λ′ ̸= 0, then

λ′C + N =
⋃
c∈C

(N + λ′c) is null,

so it cannot be R.
Recall that there is a result by Eigen and Falconer
(independently), showing that slow decreasing to 0 sequences
satisfy the Erdős conjecture.
Then, they satisfy E, but they cannot satisfy SE’ (by the previous
observation).
So, the condition SE’ is really stronger than E.
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Recall SE’: there is a null set N so that λ′C + N = R for all λ′ ̸= 0.

We are going to use SE’ to prove the Erdős similarity
conjecture for small enough Cantor sets.

A. Yavicoli (U. of British Columbia) Erdős problem for Cantor sets February 2026 12 / 31



Observation (Extension of the lambda range)
Let C be a subset of [0, 1]. If there is a null set N ′ ⊆ [−1,1] so that

λC + N ′ ⊇ [0,1] ∀λ ∈ [1,2].

Then, there is a null set N so that C +∆N = R for all ∆ ̸= 0 (equivalent to
SE’).

The hypothesis implies C + λ′N′ ⊇ [0, 1
2 ] for all λ′ := 1

λ
∈ [ 1

2 , 1].

Take the null set N :=
(⋃

j∈Z 2j (N′ + 1
2 Z)

)
∪
(
−
⋃

j∈Z 2j (N′ + 1
2 Z)

)
. For any ∆ ̸= 0, there is

j0 ∈ Z so that 2j0 |∆| ∈ [ 1
2 , 1]. Then,

C +∆N ⊇ C + |∆|2j0

(
N′ +

1
2

Z

)
⊇ [0,

1
2
] + 2j0 |∆|

1
2

Z = R.

□

We say that C ⊆ [0, 1] satisfies the SE” if there is a null set N ′ ⊆ [−1,1] so
that λC + N ′ ⊇ [0,1] ∀λ ∈ [1, 2].
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Non-small Cantor sets

We will use the notation |U| for the diameter of the set U.
If C ⊆

⋃
i∈N Ui with 0 < |Ui | ≤ δ for all i , we say that {Ui}i∈N is a

δ-covering of C.
We say that an increasing and right-continuous function
h : R≥0 → R≥0 is a dimension function if h(0) = 0, h(t) > 0 if t > 0.
The Hausdorff measure associated with h is

Hh(C) := lim
δ→0

inf

{∑
i

h(|Ui |) : {Ui}i a δ-covering of C

}
.

This definition generalises the s-dimensional Hausdorff measure,
which is the particular case h(x) := xs (notation is Hs).
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The set of dimension functions is partially ordered, considering
the order defined by

h2 ≺ h1 if lim
x→0+

h1(x)
h2(x)

= 0.

In particular xs ≺ x t iff s < t
The Hausdorff dimension of C is
dimH(C) := sup{s ≥ 0 : Hs(C) > 0} (here Hs = Hxs

).
Dimension functions allow us to measure Cantor sets in a finer
way than via dimension. In particular, they allow us to distinguish
between sets of zero Hausdorff dimension.
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Non-small Cantor sets and our result
We proved that Cantor sets of “positive logarithmic dimension” satisfy the conjecture.

Theorem (Main Theorem, P. Shmerkin, A.Y.)
Let h(r) be a dimension function such that

lim inf
r→0

h(r) log2

(
1
r

)
= 0.

Then, for any Borel set C ⊆ [0, 1] with Hh(C) > 0, there exists a set
N ⊆ [−1, 1] of zero measure such that λC + N ⊇ [0, 1] for all λ ∈ [1, 2]
(this is SE”).

An example of a “small” (smaller than any power) dimension function satisfying the
hypothesis is h(x) := 1

(log2(
1
x ))1+ε

.

The Theorem implies that the Erdös conjecture is true for all sets C of positive Hausdorff
dimension, as well as for many other sets with dimension 0.

The case of a general Cantor set still seems out of reach.
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What we got in general (in words)

Lemma relating avoidance of copies with sumsets: Let F be a
translation-invariant family of non-constant functions from
Rd → Rd and C ⊂ Rd .
Then, the following are equivalent:

▶ there is a set E ⊂ Rd of full measure such that f (C) ⊈ E ∀f ∈ F ,
▶ there exists a Lebesgue-null set B ⊂ Rd such that f (C) + B = Rd

∀f ∈ F .

We defined certain notions of logarithmic dimensions.
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What we got in general (in words)

We showed that for any Borel set C ⊆ Rd that is ’not small’ in
logarithmic dimension, there exists a Fσ set B of zero Lebesgue
measure such that f (C) + B = Rd for all non-constant affine
functions f : Rd → Rd . In particular, by the Lemma, C cannot be
affinely embedded into the full measure and dense Gδ set
Rd \ (−B).
If C ⊂ Rd is arbitrary, we are unable to show that f (C) + B = Rd

for a null set B and all non-constant affine functions f , but we can
prove:
if Hh(C) > 0 for any dimension function h, then there is a null Fσ

set B so that Rd \ (f (C) + B) has null Lebesgue measure, for all
bi-Lipschitz functions f . Using the argument in the Lemma, this
says that there is a dense Gδ set of full measure X ⊂ Rd such that
for any bi-Lipschitz function f : Rd → Rd , the set of translations t
such that f (C) + t ⊆ X is of measure zero.
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MAIN THEOREM

Theorem (P. Shmerkin, A.Y.)
Let h(r) be a dimension function such that

lim inf
r→0

h(r) log2

(
1
r

)
= 0.

Then, for any Borel set C ⊆ [0, 1] with Hh(C) > 0, there exists a set
N ⊆ [−1, 1] of zero measure such that λC + N ⊇ [0, 1] for all λ ∈ [1, 2]
(this is SE”).
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Idea of proof

INFORMALLY SPEAKING: We want to prove that for any “not too
small” C ⊆ [0, 1], there exists a ”small” set N ⊆ [−1, 1] such that
λC + N ⊇ [0, 1] for all λ ∈ [1,2].
We start by proving an “analogous” result in the discrete setting,
where A plays the role of C and B plays the role of N:

Lemma (discrete lemma)
Suppose that A ⊆ {0, · · · ,N − 1} satisfies #A > 15 log2(N). Then,
there exists B ⊆ {0, · · · , 2N − 1} with #B ≤ 15 log2(N)

#A N so that
⌊λA⌋+ B ⊇ {N, · · · ,2N − 1} for all λ ∈ [1, 2].

This lemma is a generalization of a result proved by Lorentz ’On a
problem of additive number theory’ when λ = 1.
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We prove (using the discrete lemma) a continuous analog of the
previous lemma:

Lemma (continuous lemma)
Fix a, b ∈ R, r > 0 and N ∈ N.

Let A ⊆ [a,a + r ] have the form A =
⋃
j∈Ã

[
a +

j
N

r , a +
j + 1

N
r
]
, for some

Ã ⊆ {0, . . . ,N − 1} with #Ã > 15 log2(N).

Then, there exists a set B ⊆ [b − 1
N r , b + 2r ] such that:

a B is a union of intervals of the form[
b + j−1

N r , b + j+1
N r

]
with j ∈ {0, . . . , 2N − 1}.

b L(B) ≤ 30 log2(N)

#Ã
r .

c For all λ ∈ [1,2], we have λA + B ⊇ (λa + b) + [0, r ].
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Then, inspired by some ideas from Erdős, Kunen and Mauldin ’Some
additive properties of sets of real numbers’ we got the final result:

Theorem (P. Shmerkin, A.Y.)
Let h(r) be a dimension function such that

lim inf
r→0

h(r) log2

(
1
r

)
= 0.

Then, for any Borel set C ⊆ [0, 1] with Hh(C) > 0, there exists a set
N ⊆ [−1, 1] of zero measure such that λC + N ⊇ [0, 1] for all λ ∈ [1, 2]
(this is SE”).

Each of the results takes 2 or 1 or 3 pages to prove, so I will not give the details here, but I will

give the main ideas.
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Idea of proof of discrete lemma (1/2)

Lemma (discrete lemma)
Suppose that A ⊆ {0, · · · ,N − 1} satisfies #A > 15 log2(N). Then, there
exists B ⊆ {0, · · · , 2N − 1} with #B ≤ 15 log2(N)

#A N such that
⌊λA⌋+ B ⊇ {N, · · · ,2N − 1} for all λ ∈ [1, 2].

First, we showed that we can discretize the lambda range: It suffices to prove that there
exists a set B′ ⊆ {0, . . . , 2N − 1} such that #B′ ≤ 5 log2(N)N

#A and

⌊
(
ℓ

N
+ 1)A

⌋
+ B′ ⊇ {N, . . . , 2N − 1} for all ℓ ∈ {0, . . . ,N − 1}.

Note that the condition {N, . . . , 2N − 1} ⊆
⌊
( ℓ

N + 1)A
⌋
+ B for all ℓ ∈ {0, . . . ,N − 1} is

equivalent to
(

j −
⌊
( ℓ

N + 1)A
⌋)

∩B ̸= ∅ for all (ℓ, j) ∈ {0, . . . ,N −1}×{N, . . . , 2N −1}.
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Idea of proof of discrete lemma (2/2)

The “greedy algorithm”: We select inductively elements of to be added to B, maximizing
the numbers of remaining pairs (j, ℓ) for which the condition above is satisfied.

1 S0 := {(j, ℓ) ∈ {0, . . . ,N − 1} × {N, . . . , 2N − 1}} with #S0 = N2. We select
b0 ∈ {0, . . . , 2N − 1} such that the cardinality of
E0 :=

{
(j, ℓ) ∈ S0 : b0 ∈

(
j −
⌊(

ℓ
N + 1

)
A
⌋)}

is maximized.

2 Once Si and Ei have been constructed, we define Si+1 := Si \ Ei and select
bi+1 ∈ {0, . . . , 2N − 1} such that the cardinality of

Ei+1 :=
{
(j, ℓ) ∈ Si+1 : bi+1 ∈

(
j −
⌊(

ℓ
N + 1

)
A
⌋)}

is maximized.

One can get that #Si ≤
(

1 − #A
2N

)i
N2.

And using that bound, show that for i0 := ⌈ 2 log2(N)2N
#A ⌉ we have #Si0 ≤ 2. This means that

in at most 2 extra steps we finish the process, so #B ≤ i0 + 2 ≤ 5 log2(N)N
#A .

And we also have -because of the way the process was defined- that
⌊( ℓ

N + 1)A⌋+ B ⊇ {N, . . . , 2N − 1} for all ℓ ∈ {0, . . . ,N − 1}, as desired.
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Idea of proof of continuous lemma
Lemma (continuous lemma)
Fix a, b ∈ R, r > 0 and N ∈ N.

Let A ⊆ [a, a + r ] have the form A =
⋃
j∈Ã

[
a +

j
N

r , a +
j + 1

N
r
]
, for some

Ã ⊆ {0, . . . ,N − 1} with #Ã > 15 log2(N).
Then, there exists a set B ⊆ [b − 1

N r , b + 2r ] such that:

a B is a union of intervals of the form
[
b + j−1

N r , b + j+1
N r

]
with

j ∈ {0, . . . , 2N − 1}.

b L(B) ≤ 30 log2(N)

#Ã
r .

c For all λ ∈ [1,2], we have λA + B ⊇ (λa + b) + [0, r ].

We can assume that r = 1 (by rescaling).

We apply the discrete lemma to Ã to get a B̃ ⊆ {0, · · · , 2N − 1} and define
B :=

⋃
j∈B̃

[
b + j−1

N , b + j+1
N

]
. One can check that B satisfies the conditions of the

lemma.
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Idea of proof of the theorem (1/4)

Theorem (main theorem)
Let h(r) be a dimension function such that lim infr→0 h(r) log2

( 1
r

)
= 0. Then,

for any Borel set C ⊆ [0, 1] with Hh(C) > 0, there exists a set N ⊆ [−1, 1] of
zero measure such that λC + N ⊇ [0, 1] for all λ ∈ [1, 2].

Because of Hh(C) > 0, by Frostman’s lemma, there exists a probability measure µ
supported on C such that, for some constant c > 0, we have µ(I) ≤ c · h(2−m) for any
I ∈ Dm, the collection of dyadic intervals of length 2−m.

Since lim infr→0 h(r) log2(
1
r ) = 0, and h is increasing function, we also have

lim infm→∞ h(2−m)m = 0. Therefore,

lim inf
m→∞

m · sup{µ(I) : I ∈ Dm} = 0.

Denote by I(i, n) := [ i
2n ,

i+1
2n ] and J(i, n) := [ i−1

2n , i+1
2n ].
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Idea of proof of the theorem (2/4)

If we prove the inclusion for a subset of C we are good.
So, we’ll just look at where the measure is positive (which will approach in Haudorff metric
a subset of C).
Define Ãn :=

{
i : µ(I(i, n)) > 0

}
⊆ {0, . . . , 2n − 1}, and An :=

⋃
i∈Ãn

I(i, n).

An is a nested sequence decreasing to a set A := supp(µ) ⊆ C. Our aim is to prove that
there is a set N ⊆ [−1, 1] of measure zero such that A + λN ⊇ [0, 1] for all λ ∈ [1, 2].

We construct such a set N by induction. General idea:
▶ we get a sequence of levels mj so that we can ensure that:

1 #Ãm1 > 300m1,
2 each dyadic interval I of Amj contains many intervals of the new level mj+1

each of them with positive µ measure.
We can get this sequence because of the condition lim infm→∞ m · sup{µ(I) : I ∈ Dm} = 0.

▶ By 1) m1 satisfies the hyp of continuous lemma (N := 2m1 , a = 0 and r = 1) and we
get B1. We’ll define Bj+1 inductively, depending on Amj and Bj .
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Idea of proof of the theorem (3/4)

▶ Step 1: We have Am1 formed by many intervals (#Ãm1 ≥ 300m1). We apply the
continuous lemma, to get that there is B1 ⊆ [−1, 1] so that B1 is a union of intervals of the
form J(i,m1), L(B1) ≤ 10−1, and [0, 1] ⊆ λAm1 + B1 for all λ ∈ [1, 2].

▶ Step 2: For each pair of intervals (I, J) ∈ (Am1 ,B1). We take A(I) the union of intervals of
Am2 that are contained in I. We can apply the continuous lemma (with a = min(I),
b = min(J), r = 2−m1 and N = 2m2−m1 ) to get a B(I, J) with L(B(I, J)) ≲ 2−2m1 so that

λA(I) + B(I, J) ⊇ λa + b + [0, 2−m1 ].

Taking
B2 :=

⋃
I∈Am1
J∈B1

B(I, J) + {0, 2−m1 , 2.2−m1},

we get L(B2) ≤ 10−2, B2 is contained in the 5 · 2−m1 -neighborhood of B1, and
[0, 1] ⊆ λAm1 + B1 ⊆ λAm2 + B2 for all λ ∈ [1, 2].
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level m1

level m2

I

a

A(I)
bunches of intervals

Am1

J

b

B1

We apply
the cont. lemma
for each pair
(A(I), b left endpoint of J ∈ B1)
a = min(I), r = 2−m1 , N = 2m2−m1
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Idea of proof of the theorem (4/4)
By induction, we get a sequence of integers mk and we get sets (Amk )k∈N and (Bk )k∈N such
that:

1 Bk is a union of intervals of the form J(i,mk ).
2 L(Bk ) ≤ 10−k , and L(B5·2−mk

k ) ≤ 11 · 10−k .
3 [0, 1] ⊂ λAmk + Bk for all λ ∈ [1, 2].
4 Bk+1 is contained in the 5 · 2−mk -neighborhood of Bk .

For nonempty compact sets E ,F ⊂ Rd , the Hausdorff metric is
dH(E ,F ) := inf

{
ε > 0 : E ⊂ Fε and F ⊂ Eε

}
, where Eε := {x ∈ Rd : dist(x ,E) ≤ ε} denotes

the closed ε-neighborhood of E .

Eε Fε

E F

The function dH is a metric on the space of nonempty compact subsets of Rd , and this metric
space is complete.

It follows from the last property that Bk converges, in the Hausdorff metric, to a compact set B(
B =

⋂
k B

∑∞
j=k 5·2−mj

k

)
, which has zero measure by (ii). Moreover, since Amk also converges in

the Hausdorff metric to A := supp(µ) =
⋂

k Amk ⊂ C, we have

[0, 1] ⊂ λA + B ⊂ λC + B ∀λ ∈ [1, 2].

□
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